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Abstract. We study algebraic synchronization trees, i.e., initial solu-
tions of algebraic recursion schemes over the continuous categorical alge-
bra of synchronization trees. In particular, we investigate the relative ex-
pressive power of algebraic recursion schemes over two signatures, which
are based on those for Basic CCS and Basic Process Algebra, as a means
for defining synchronization trees up to isomorphism as well as modulo
bisimilarity and language equivalence. The expressiveness of algebraic
recursion schemes is also compared to that of the low levels in Caucal’s
pushdown hierarchy.

1 Introduction

The study of recursive program schemes is one of the classic topics in program-
ming language semantics. (See, e.g., [5, 21, 27, 33, 36] for some of the early refer-
ences.) One of the main goals of this line of research is to define the semantics
of systems of recursive equations such as

F (n) = ifzero(n, 1,mult(2, F (pred(n)))). (1)

In the above recursion scheme, the symbols ifzero, add, pred, 1 and 2 denote given
function symbols; these are used to define the derived unary function F (n), which
we will refer to as a functor variable. Interpreting ifzero as the function over the
natural numbers that returns its second argument when the first is zero and
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the third otherwise, mult as multiplication and pred as the predecessor function,
intuitively one would expect the above recursion scheme to describe the function
over the natural numbers that, given an input n, returns 2n. This expectation has
been formalized in several ways in the literature on recursive program schemes. A
classic answer can be summarized by the ‘motto’ of the initial-algebra-semantics
approach: ‘The semantics of a recursive program scheme is the infinite term tree
(or ranked tree) that is the least fixed point of the system of equations associated
with the program scheme.’

In the light of the role that infinite term trees play in defining the semantics
of recursive program schemes, it is not surprising that the study of infinite term
trees has received a lot of attention in the research literature. Here we limit
ourselves to mentioning Courcelle’s classic survey paper [21], which presents
results on topological and order-theoretic properties of infinite trees, notions
of substitutions for trees as well as regular and algebraic term trees. Algebraic
term trees are those that arise as solutions of recursive program schemes that,
like (1), are ‘first order’. On the other-hand, regular term trees are the solutions
of systems of equations like

X = f(X,Y )
Y = a,

which define parameterless functions X and Y . Regular term trees arise natu-
rally as the unfoldings of flowcharts, whereas algebraic term trees stem from the
unfoldings of recursion schemes that correspond to functional programs [21].

In this paper, we study recursion schemes from a process-algebraic perspec-
tive and investigate the expressive power of algebraic recursion schemes over the
signatures of Basic CCS [31] and of Basic Process Algebra (BPA) [3] as a way
of defining possibly infinite synchronization trees [30]. Both these signatures al-
low one to describe every finite synchronization tree and include a binary choice
operator +. The difference between them is that the signature for Basic CCS,
which is denoted by Γ in this paper, contains a unary action prefixing operation
a. for each action a, whereas the signature for BPA, which we denote by ∆,
has one constant a for each action that may label the edge of a synchroniza-
tion tree and offers a full-blown sequential composition, or sequential product,
operator. Intuitively, the sequential product t · t′ of two synchronization trees
is obtained by appending a copy of t′ to the leaves of t that describe successful
termination of a computation. In order to distinguish successful and unsuccess-
ful termination, both the signatures Γ and ∆ contain constants 0 and 1, which
denote unsuccessful and successful termination, respectively.

As an example of a regular recursion scheme over the signature ∆, consider

X = (X · a) + a.

On the other hand, the following recursion scheme is Γ -algebraic, but not Γ -
regular:

F1 = F2(a.1)
F2(v) = v + F2(a.v).
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It turns out that both these recursion schemes define the infinitely branching
synchronization tree depicted on Figure 2.

In the setting of process algebras such as CCS [31] and ACP [3], synchro-
nization trees are a classic model of process behaviour. They arise as unfoldings
of labelled transition systems that describe the operational semantics of process
terms and have been used to give denotational semantics to process description
languages—see, for instance, [1]. Regular synchronization trees over the signa-
ture Γ are unfoldings of processes that can be described in the regular fragment
of CCS, which is obtained by adding to the signature Γ a facility for the re-
cursive definition of processes. On the other hand, regular synchronization trees
over the signature ∆ are unfoldings of processes that can be described in Basic
Process Algebra (BPA) [3] augmented with constants for the deadlocked and the
empty process as well as recursive definitions.

As is well known, the collection of regular synchronization trees over the
signature ∆ strictly includes that of regular synchronization trees over the sig-
nature Γ even up to language equivalence. Therefore, the notion of regularity
depends on the signature. But what is the expressive power of algebraic recur-
sion schemes over the signatures Γ and ∆? The aim of this paper is to begin
the analysis of the expressive power of those recursion schemes as a means for
defining synchronization trees, and their bisimulation or language equivalence
classes.

In order to characterize the expressive power of algebraic recursion schemes
defining synchronization trees, we interpret such schemes in continuous cate-
gorical Γ - and ∆-algebras of synchronization trees. Continuous categorical Σ-
algebras are a categorical generalization of the classic notion of continuous Σ-
algebra that underlies the work on algebraic semantics [11, 23, 26, 27], and have
been used in [9, 10, 24] to give semantics to recursion schemes over synchroniza-
tion trees and words. (We refer the interested reader to [28] for a recent dis-
cussion of category-theoretic approaches to the solution of recursion schemes.)
In this setting, the Γ -regular (respectively, Γ -algebraic) synchronization trees
are those that are initial solutions of regular (respectively, algebraic) recursion
schemes over the signature Γ . ∆-regular and ∆-algebraic synchronization trees
are defined in similar fashion.

Our first contribution in the paper is therefore to provide a categorical se-
mantics for first-order recursion schemes that define processes, whose behaviour
is represented by synchronization trees. The use of continuous categorical Σ-
algebras allows us to deal with arbitrary first-order recursion schemes; there is
no need to restrict oneself to, say, ‘guarded’ recursion schemes, as one is forced
to do when using a metric semantics (see, for instance, [14] for a tutorial intro-
duction to metric semantics), and this categorical approach to giving semantics
to first-order recursion schemes can be applied even when the order-theoretic
framework either fails because of the lack of a ‘natural’ order or leads to unde-
sirable identities.

As a second contribution, we provide a comparison of the expressive power
of regular and algebraic recursion schemes over the signatures Γ and ∆, as
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a formalism for defining processes described by their associated synchroniza-
tion trees. Moreover, we compare the expressiveness of those recursion schemes
to that of the low levels in Caucal’s pushdown hierarchy. (As a benefit of the
comparison with the Caucal hierarchy, we obtain structural properties and de-
cidability of Monadic Second-Order Logic [38].) We show that each ∆-regular
tree is Γ -algebraic (Theorem 1) by providing an algorithm for transforming a
∆-regular recursion scheme into an equivalent Γ -algebraic one that involves only
unary functor variables. In addition, we prove that every synchronization tree
that is defined by a Γ -algebraic recursion scheme of a certain form that involves
only unary functor variables can be transformed into an equivalent ∆-regular
recursion scheme.

We provide examples of Γ -algebraic synchronization trees that are not ∆-
regular and of ∆-algebraic trees that are not Γ -algebraic, not even up to bisim-
ulation equivalence. In particular, in Proposition 7 we prove that the synchro-
nization tree associated with the bag over a binary alphabet (which is depicted
on Figure 7) is not Γ -algebraic, even up to language equivalence, and that it is
not ∆-algebraic up to bisimilarity. These results are a strengthening of a classic
theorem from the literature on process algebra proved by Bergstra and Klop
in [6].

Since each Γ -algebraic synchronization tree is also ∆-algebraic, we obtain
the following strict expressiveness hierarchy, which holds up to equivalences of
synchronization trees such as bisimilarity [31, 34] and language equivalence:

Γ -regular ⊂ ∆-regular ⊂ Γ -algebraic ⊂ ∆-algebraic.

In the setting of language equivalence, the notion of Γ -regularity corresponds to
the regular languages, the one of ∆-regularity corresponds to the context-free
languages and ∆-algebraicity corresponds to the macro languages [25], which
coincide with the languages generated by Aho’s indexed grammars [2].

In order to obtain a deeper understanding of Γ -algebraic recursion schemes,
as a final main contribution of the paper, we characterize their expressive power
by following the lead of Courcelle [19–21]. In those references, Courcelle proved
that a term tree is algebraic if, and only if, its branch language is a determinis-
tic context-free language. In our setting, we associate with each synchronization
tree with bounded branching a family of branch languages and we show that a
synchronization tree with bounded branching is Γ -algebraic if, and only if, the
family of branch languages associated with it contains a deterministic context-
free language (Theorem 2). In conjunction with standard tools from formal lan-
guage theory, this result can be used to show that certain synchronization trees
are not Γ -algebraic.

The technical developments in this paper make use of techniques and results
from a variety of areas of theoretical computer science. We employ tools from
category theory and initial-algebra semantics to define the meaning of recur-
sion schemes over algebras of synchronization trees. Tools from concurrency and
formal-language theory are used to obtain separation results between the differ-
ent classes of synchronization trees we consider in this paper. The proof of The-
orem 2, characterizing the expressive power of Γ -algebraic recursion schemes in
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Fig. 1. The expressiveness hierarchies up to language equivalence (a), up to bisimilarity
(b) and up to isomorphism (c)

the style of Courcelle, uses a Mezei-Wright theorem for categorical algebras [10]
as well as tools from monadic second-order logic [13, 15]. Overall, we find it pleas-
ing that tools developed by different communities within theoretical computer
science play a role in the study of natural structures like the synchronization
trees that arise from the solution of algebraic recursion schemes.

The paper is organized as follows. In Section 2, we recall the notion of con-
tinuous categorical Σ-algebra. Synchronization trees are defined in Section 3,
together with the signatures Γ and ∆ that contain the operations on those
trees that we use in this paper. We introduce regular and algebraic recursion
schemes, as well as their initial solutions, in Section 5. Section 6 studies the
expressive power of regular and algebraic recursion schemes over the signatures
Γ and ∆. In Section 7, following Courcelle, we characterize the expressive power
of Γ -algebraic recursion schemes by studying the branch languages of synchro-
nization trees whose vertices have bounded outdegree. Section 11 concludes the
paper and lists topics for future research.

2 Continuous categorical algebras

In this section, we recall the notion of continuous categorical Σ-algebra. These
structures were used in [9, 10, 24] to give semantics to recursion schemes over
synchronization trees and words.

Let Σ =
⋃
n≥0Σn be a ranked set (or “signature”). A categorical Σ-algebra is

a small category A equipped with a functor σA : An → A for each σ ∈ Σn, n ≥ 0.
A morphism between categorical Σ-algebras A and B is a functor h : A → B
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such that for each σ ∈ Σn, the diagram

Bn B
σB

//

An

Bn

hn

��

An A
σA

// A

B

h

��

commutes up to a natural isomorphism. Here, the functor hn : An → Bn maps
each object and morphism (x1, . . . , xn) in An to (h(x1), . . . , h(xn)) in Bn. A
morphism h is strict if, for all σ ∈ Σ, the natural isomorphism πσ is the identity.

Suppose that A is a categorical Σ-algebra. We call A continuous if A has a
distinguished initial object (denoted ⊥A or 0A) and colimits of all ω-diagrams
(fk : ak → ak+1)k≥0. Moreover, each functor σA is continuous, i.e., preserves
colimits of ω-diagrams. Thus, if σ ∈ Σ2, say, and if

x0
f0→ x1

f1→ x2
f2→ . . .

y0
g0→ y1

g1→ y2
g2→ . . .

are ω-diagrams in A with colimits (xk
φk→ x)k and (yk

ψk→ y)k, respectively, then

σA(x0, y0)
σA(f0,g0)→ σA(x1, y1)

σA(f1,g1)→ σA(x2, y2)
σA(f2,g2)→ . . .

has colimit

(σA(xk, yk)
σA(φk,ψk)→ σA(x, y))k.

A morphism of continuous categorical Σ-algebras is a categorical Σ-algebra
morphism which preserves the distinguished initial object and colimits of all
ω-diagrams. Below we will often write just σ for σA, in particular when A is
understood.

For later use, we note that if A and B are continuous categorical Σ-algebras
then so is A × B. Moreover, for each k ≥ 0, the category [Ak → A] of all
continuous functors Ak → A is also a continuous categorical Σ-algebra, where
for each σ ∈ Σn,

σ[Ak→A](f1, . . . , fn) = σA ◦ 〈f1, . . . , fn〉

with 〈f1, . . . , fn〉 standing for the target tupling of the continuous functors
f1, . . . , fn : Ak → A. On natural transformations, σ[Ak→A] is defined in a similar
fashion. In [Ak → A], colimits of ω-diagrams are formed pointwise.

In the rest of the paper, we will assume, without loss of generality, that the
signature Σ contains a special symbol denoted ⊥ or 0 of rank 0, interpreted in
a continuous categorical Σ-algebra as its initial object.
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2.1 Continuous ordered algebras

An important subclass of continuous categorical algebras is formed by the con-
tinuous ordered algebras which constitute the classical framework for algebraic
semantics [21, 23, 26, 27, 33, 36]. We say that a continuous categorical Σ-algebra
A is ordered if its underlying category is a poset category, so that there is at most
one morphism between any two objects. The objects of a continuous ordered al-
gebra are usually called its elements, and as usual, the categorical structure is
replaced by a partial order ≤. The assumptions that A has initial object and
colimits of ω-diagrams correspond to the requirements that there is a least ele-
ment ⊥ and each ω-chain (an)n has a supremum, denoted supn an. Thus, A is
an ω-complete poset as is each finite power An of A, equipped with the point-
wise order. A continuous functor An → A is simply a function that preserves
the supremum of ω-chains. Every such continuous function preserves the partial
order. Continuous functions are ordered pointwise. As is well known, if A and B
are ω-complete posets, then so is the poset [A→ B] of all continuous functions
A→ B.

The initial continuous Σ-algebra may be described as the algebra of Σ-term
trees. A term tree may be represented as (the isomorphism class of) a possibly
infinite directed ordered tree whose vertices are labelled with the letters in Σ
such that a vertex labelled in Σn has exactly n successors. In particular, vertices
labelled inΣ0 are leaves. Finite term trees overΣ may be identified with variable-
free Σ-terms. As usual, we identify each symbol in Σ0 with a term.

Let TωΣ denote the set of all Σ-term trees. We equip TωΣ with a partial order
defined by t ≤ t′ iff t′ can be constructed from t by replacing some leaves
labelled ⊥ by some term trees in TωΣ . It is well-known (see e.g. [21, 26, 27]) that
this relation turns TωΣ into an ω-complete partial order with least element ⊥. We
may further turn TωΣ into a continuous ordered Σ-algebra. For each σ ∈ Σn and
term trees t1, . . . , tn, the tree σ(t1, . . . , tn) is defined as usual as the tree whose
root is labelled σ which has n subtrees isomorphic in order to t1, . . . , tn. The
following fact is known, see e.g. [10].

Proposition 1. For every continuous categorical Σ-algebra A there is, up to
natural isomorphism, a unique homomorphism TωΣ → A.

An alternative representation of a term tree in TωΣ is by edge-labelled trees.
To this end, let Σ denote the ordinary alphabet whose letters are the symbols
σi where σ ∈ Σn, n > 0 and i ∈ [n]. When t is a Σ-term tree, each vertex u may
be “addressed” by a word in u ∈ Σ∗ which encodes the unique path from the
root to that vertex. The edge-labelled graph corresponding to t has as its vertex
sets the addresses of its vertices, together with a vertex uσ whenever u is the
address of a leaf labelled Σ. The edges are given as follows. Suppose that u and
v are vertices of t with associated addresses u and v, respectively. If v is the ith
successor of u and u is labelled σ ∈ Σn (so that n > 0 and i ∈ [n]), then there
is an edge from u to v labelled σi. Moreover, if u is a leaf vertex of t, labelled
σ ∈ Σ0, then there is an edge labelled σ from u to uσ.
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In the sequel, we will be concerned with two signatures associated with an
ordinary alphabet A, denoted Γ and ∆. Each letter a ∈ A has rank 1 in Γ and
rank 0 in ∆. In addition, Γ contains the symbols +, 0, 1, and ∆ the symbols
+, ·, 0, 1 where + and · are of rank 2 and 0 and 1 have rank 0. An example of
a continuous ordered ∆-algebra is the language semiring P (A∗) of all subsets of
A∗, where each letter a ∈ A denotes the set {a} and 0 and 1 are interpreted
as the empty set and the set {ε} containing only the empty word ε, and where
L1 + L2 = L1 ∪ L2 and L1 · L2 = L1L2 is the concatenation of L1 and L2,
for all L1, L2 ⊆ A∗. Alternatively, we may view P (A∗) as a continuous ordered
Γ -algebra with a(L) = {a} · L for all a ∈ A and L ⊆ A∗.

3 Synchronization trees

A synchronization tree t = (V, v0, E, l) over an alphabet A of “action symbols”
consists of

– a finite or countably infinite set V of “vertices” and an element v0 ∈ V , the
“root”;

– a set E ⊆ V × V of “edges”;
– a “labelling function” l : E → A ∪ {ex}.

These data obey the following restrictions.

– (V, v0, E) is a rooted tree: for each u ∈ V , there is a unique path v0 ; u.
– If e = (u, v) ∈ E and l(e) = ex, then v is a leaf, and u is called an exit vertex.

A synchronization tree is deterministic if no node in the tree has two equally-
labelled outgoing edges.

A morphism φ : t → t′ of synchronization trees is a function V → V ′ which
preserves the root, the edges and the labels, so that if (u, v) is an edge of t, then
(φ(u), φ(v)) is an edge of t′, and l′(φ(u), φ(v)) = l(u, v). Morphisms are therefore
functional simulations [29, 34]. It is clear that the trees and tree morphisms form
a category. The tree that has a single vertex and no edges is initial. It is known
that the category of trees has colimits of all ω-diagrams, see [8]. (It also has
binary coproducts.) In order to make the category of trees small, we may require
that the vertices of a tree form a subset of some fixed infinite set.

The category ST(A) of synchronization trees over A is equipped with two
binary operations: + (sum) and · (sequential product or sequential composition),
and either with a unary operation or a constant associated with each letter a ∈ A.

The sum t + t′ of two trees is obtained by taking the disjoint union of the
vertices of t and t′ and identifying the roots. The edges and labelling are inher-
ited. The sequential product t · t′ of two trees is obtained by replacing each edge
of t labelled ex by a copy of t′. With each letter a ∈ A, we can either associate
a constant, or a unary prefixing operation. As a constant, a denotes the tree
with vertices v0, v1, v2 and two edges: the edge (v0, v1), labelled a, and the edge
(v1, v2), labelled ex. As an operation, for any tree t, a(t) is the tree a · t. Let
0 denote the tree with no edges and 1 the tree with a single edge labelled ex.
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On morphisms, all operations are defined in the expected way. For example, if
h : t→ t′ and h′ : s→ s′, then h+ h′ is the morphism that agrees with h on the
nonroot vertices of t and that agrees with h′ on the nonroot vertices of s. The
root of t+ s is mapped to the root of t′ + s′.

In the sequel we will consider two signatures for synchronization trees, Γ and
∆. The signature Γ contains +, 0, 1 and each letter a ∈ A as a unary symbol.
In contrast, ∆ contains +, ·, 0, 1 and each letter a ∈ A as a nullary symbol. It is
known that, for both signatures, ST(A) is a continuous categorical algebra. See
[8] for details.

In what follows, for each a ∈ A and term/tree t, we write a.t for a(t). We
shall also abbreviate a.1 to a, and write an.t for

a. . . . .a.︸ ︷︷ ︸
n times

t.

Remark 1. An account of synchronization trees based on complete partial orders
and continuous functions was given in [39]. However, as pointed out in [7], the
treatment in [39] is not abstract, since the order relation ≤ depends on the
concrete representation of the trees: there exist isomorphic synchronization trees
ti, t
′
i, i = 1, 2 such that t1 ≤ t2 but t′1 and t′2 are not related by ≤.
Note that · is associative and has 1 as unit, at least up to isomorphism, and

that for all trees t1, t2 and s, (t1 + t2) · s = (t1 · s) + (t2 · s) and 0 · s = 0 up to
isomorphism.

Definition 1. Two synchronization trees t = (V, v0, E, l) and t′ = (V ′, v′0, E
′, l′)

are bisimilar [31, 34] if there is some symmetric relation R ⊆ (V ×V ′)∪(V ′×V )
that relates their roots, and such that if (v1, v2) ∈ R and there is some edge
(v1, v

′
1), then there is an equally-labelled edge (v2, v

′
2) with (v′1, v

′
2) ∈ R. The

path language of a synchronization tree is composed of the words in A∗ that
label a path from the root to the source of an exit edge. Two trees are language
equivalent if they have the same path language.

4 Morphisms

By Proposition 1, there is an (essentially) unique morphism of continuous cat-
egorical Γ -algebras TωΓ → ST(A), as well as an essentially unique continuous
categorical ∆-algebra morphism Tω∆ → ST(A). In the first part of this section,
we provide a combinatorial description of (the object part) of these morphisms.
In the second part of the section, we will consider morphisms from ST(A) to
P (A∗), seen as a Γ -algebra or a ∆-algebra.

We start by describing the (object part of the) essentially unique continuous
categorical ∆-algebra morphism Tω∆ → ST(A). We will call the image t′ of a
term tree t under this morphism the synchronization tree denoted by t, or the
synchronization tree associated to t.

Suppose that t is a ∆-term tree and u and v are leaves of t, labelled in A∪{1}.
Let p (resp. q) denote the sequence of vertices along the unique path from the
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root to u (resp. v), including u (resp. v). We say that v ∈ St(u) if p and q are
of the form p = rww1p

′ and q = rww2q
′ with w labelled by · and successors

w1, w2, ordered as indicated, such that

– every vertex appearing in p′ which is different from u is either labelled +, or
if it is labelled · then its second successor belongs to p′, and

– every vertex appearing in q′ which is different from v is either labelled +, or
if it is labelled · then its first successor belongs to q′.

We say that u ∈ M(t) if each vertex appearing in p which is different from u is
either labelled +, or if it is labelled ·, then its first successor belongs to p. Finally,
we say that u ∈ E(t) if each vertex appearing in p which is different from u is
either labelled +, or if it is labelled ·, then its second successor appears in p.
Note that if u ∈ M(t) then there is no w such that u ∈ St(w), and similarly, if
u ∈ E(t) then St(u) = ∅.

Now form the edge-labelled directed graph G(t) whose vertices are a new
root vertex v0, the leaves of t labelled in A∪ {1}, and the exit vertex denoted ∗.
The edges of G(t) are the following:

– For each u ∈ M(t), there is an edge from the root v0 to u, labelled by the
label of u in t.

– For all leaf vertices u and v of t labelled in A∪{1} such that v ∈ S(u), there
is an edge in G(t) from u to v whose label is the same as the label of v in t.

– Whenever u belongs to E(t), there is an edge in G(t) labelled ex from u to
∗.

Note that G(t) does not contain any cycle.
In Proposition 2 below, we will prove that τ(t) = t′, the synchronization tree

denoted by t.
We give several examples. As a first example, consider the term

t = a · ((1 + a) + ((1 + 1) · b)) .

Then G(t) contains 8 vertices, the root v0, the exit vertex ∗, and vertices
v1, . . . , v6 corresponding to the 6 leaves of t. There is an a-labelled edge from v0

to v1, edges from v1 to v2, v4 and v5 labelled 1, an edge from v1 to v3 labelled
a, and edges from v4 and v5 to v6 labelled b. Finally, there is an edge labelled ex
from each of v2, v3 and v6 to ∗. It is clear that τ(t) is the synchronization tree
denoted by t.

In the second example, consider the term tree t defined by the scheme

G = (a ·H) · c+ d

H = H · 1 .

Now the root of G(t) has two outgoing edges leading to different vertices u1 and
u2, say. These edges are labelled a and d, respectively. In addition, there is a
sequence of vertices, call them v0, v1, . . ., such that for each i ≥ 1 there is an
edge from vi+1 to vi, which is labelled 1, and there is a c-labelled edge from v1 to
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v0. Last, ∗ is a vertex, and there exist edges from u2 and v0 to ∗ labelled ex. G(t)
is infinite, but the tree τ(t) constructed from it is finite since τ(t) = (a · 0) + d
is the synchronization tree denoted by t.

In the last example, consider the term t = (1·(0·b))·1. The vertices of G(t) are
the root v0, vertices v1, v2, v3 corresponding respectively to the leaves of t with
nonzero label, and the exit vertex ∗. There are 3 edges, an edge labelled 1 from
v0 to v1, an edge labelled 1 from v2 to v3, and an edge labelled ex from v3 to ∗.
Now τ(t) contains only the root and no edges, so that τ(t) is the synchronization
tree 0 denoted by t.

We still need to prove that the definition of τ(t) is correct.

Proposition 2. For every ∆-term tree t, the image t′ of t with respect to the
essentially unique continuous ∆-algebra morphism Tω∆ → ST(A) is τ(t).

Proof. Suppose first that t is finite. We will prove the claim by induction on the
structure of t. If t = 0, then G(t) has two vertices, the root and the exit vertex,
and no edges. If t is a symbol in A ∪ {1}, then G(t) has three vertices, the root
v0, a vertex v1 and the vertex ∗. There is an edge from v0 to v1 and an edge
from v1 to ∗. The first edge is labelled a if t = a ∈ A, and 1 if t = 1. The second
edge is labelled ex. In either case, τ(t) = t′.

In the induction step, first suppose that t = t1 + t2 for some terms t1, t2 de-
noting the synchronization trees t′1 and t′2, respectively. Then G(t) is isomorphic
to the disjoint union of G(t1) and G(t2) with roots and exit vertices merged.
Thus, τ(t) = τ(t1) + τ(t2) = t′1 + t′2 = t′.

Suppose next that t = t1 · t2 with t1 denoting t′1 and t2 denoting t′2. Then
G(t) can be constructed from G(t1) and G(t2) as follows. For all edges from the
root v2 of G(t2) to a vertex v of G(t2) (which necessarily corresponds to a leaf
vertex of t2 in M(t2)), and for all u ∈ E(t1), add a new edge from u to v labelled
by the symbol which is the label of the edge from v2 to v in G(t2) (i.e., the label
of v in t2). Then remove the edge from u to the exit vertex of G(t1). Finally
remove all edges originating in the root of G(t2). The vertices of G(t) are the
non-exit vertices of G(t1) and the non-root vertices of G(t2). It should be clear
that τ(t) is the sequential product of τ(t1) · τ(t2) and thus τ(t) = t′1 · t′2 = t′ by
the induction hypothesis.

Suppose now that t is infinite. For each n ≥ 0, let tn denote the approximation
of t obtained by relabelling each vertex of t of depth n by 0 and removing all
vertices of depth greater than n. For each leaf vertex u of t there is some n0

such that u is a vertex of tn with the same label for all n ≥ n0. Moreover, for
any two leaf vertices u, v of t with a nonzero label, v ∈ St(u) iff there is some n0

such that v ∈ Stn(u) for all n ≥ n0. Similarly, for each leaf u of t with a nonzero
label, we have u ∈ M(t) (u ∈ E(t)) iff there is some n0 such that u ∈ M(tn)
(u ∈ E(tn), resp.) for all n ≥ n0. This implies that G(t) is the union (colimit) of
the G(tn) and then it follows that τ(t) is also the union (colimit) of the τ(tn).
We conclude that t′ = Colim t′n = Colim τ(tn) = τ(t), where for each n, t′n is the
synchronization tree denoted by tn. 2

11



Next we describe the essentially unique morphism of continuous categorical
Γ -algebras TωΓ → ST(A). Let t ∈ TωΓ . The set of vertices of the synchronization
tree t′ denoted by t is composed of the root of t, the vertices of t which are
successors of vertices labelled in A, and all leaves labelled 1. Suppose that u and
v are different vertices of t′. There is an edge from u to v in t′ if v belongs to
the subtree of t rooted at u, and all vertices along the unique path from u to v
different from u and v are labelled +. The label of this edge in t′ is the label of
v in t.

Using the representation of a Γ -term tree t as an edge-labelled tree, the
above procedure can alternatively be described as follows. Consider the set of
those vertices of t given by words ending in 1 or a letter a1, where a ∈ A, together
with the root which is given by the empty word ε. Then there is an edge in t′

from u to v labelled a ∈ A exactly when v = uw for some word in {+1,+2}∗a1.
Moreover, there is an edge from u to v in t′ labelled ex exactly when v is of the
form uw for a word w ∈ {+1,+2}∗1.

Let τ ′ denote the function that maps t to t′.

Proposition 3. For every t ∈ TωΓ , τ ′(t) is the synchronization tree in ST(A)
denoted by t.

We omit the proof which is essentially simpler than that of Proposition 2.

Proposition 4. The function which maps a synchronization tree t ∈ ST(A) to
its path language in P (A∗) is the (object part) of a categorical Γ -algebra as well
as ∆-algebra morphism ST(A)→ P (A∗).

Proof. It is clear that the operations are preserved. When there is a morphism
t → t′ for synchronization trees t, t′ ∈ ST(A), then the path language of t is
included in the path language of t′, and the empty tree is mapped to the empty
language. Finally, suppose that (φn : tn → tn+1)n is an ω-diagram in ST(A) with
colimit (ψn : tn → t)n. Then for every branch of t ending in an edge labelled ex
there is some n0 such that the branch is the image of a corresponding branch
of tn0 with respect to the morphism ψn0 : tn0 → t, and then the same holds for
each n ≥ n0. Using this fact, it follows easily that the path language of t is the
union of the path languages of the tn, proving that colimits of ω-diagrams are
preserved. 2

Remark 2. The function τ ′ describes both the unique continuous categorical Γ -
algebra and the unique continuous ∆-algebra morphism ST(A)→ P (A∗).

5 Algebraic objects and functors

When n is a nonnegative integer, we denote the set {1, . . . , n} by [n].

12



Definition 2. Let Σ be a signature. A Σ-recursion scheme, or recursion scheme
over Σ, is a sequence E of equations

F1(v1, . . . , vk1) = t1
... (2)

Fn(v1, . . . , vkn
) = tn

where each ti is a term over the signature ΣΦ = Σ∪Φ in the variables v1, . . . , vki
,

and Φ contains the symbols Fi (sometimes called “functor variables”) of rank ki,
i ∈ [n]. A Σ-recursion scheme is regular if ki = 0, for each i ∈ [n].

Suppose that A is a continuous categorical Σ-algebra. Define

Ar(Φ) = [Ak1 → A]× · · · × [Akn → A].

Then Ar(Φ) is a continuous categorical Σ-algebra, as noted in Section 2.
When each Fi, i ∈ [n], is interpreted as a continuous functor fi : Aki → A,

each term over the extended signature ΣΦ = Σ ∪ Φ in the variables v1, . . . , vm
induces a continuous functor Am → A that we denote by tA(f1, . . . , fn). In fact,
tA is a continuous functor

tA : Ar(Φ) → [Am → A].

More precisely, we define tA as follows. Let fi, gi denote continuous functors
Aki → A, i ∈ [n], and let αi be a natural transformation fi → gi for each
i ∈ [n]. When t is the variable vi, say, then tA(f1, . . . , fn) is the ith projection
functor Am → A, and tA(α1, . . . , αn) is the identity natural transformation
corresponding to this projection functor. Suppose now that t is of the form
σ(t1, . . . , tk), where σ ∈ Σk and t1, . . . , tk are terms. Then tA(f1, . . . , fn) = σA ◦
〈h1, . . . , hk〉 and tA(α1, . . . , αn) = σA ◦ 〈β1, . . . , βk〉, where hj = tAj (f1, . . . , fn)
and βj = tAj (α1, . . . , αn) for all j ∈ [k]. (Here, we use the same notation for a
functor and the corresponding identity natural transformation.) Finally, when t
is of the form Fi(t1, . . . , tki

), then tA = fi ◦ 〈h1, . . . , hki
〉, and the corresponding

natural transformation is αi ◦ 〈β1, . . . , βki〉, where the hj and βj , j ∈ [ki], are
defined similarly as above.

Note that if each αi : fi → fi is an identity natural transformation (so that
fi = gi, for all i ∈ [n]), then tA(α1, . . . , αn) is the identity natural transformation
tA(f1, . . . , fn)→ tA(f1, . . . , fn).

In any continuous categorical Σ-algebra A, by target-tupling the functors tAi ,
we obtain a continuous functor

EA : Ar(Φ) → Ar(Φ).

Indeed, tAi : Ar(Φ) → [Aki → A], for i ∈ [n], so that

EA = 〈tA1 , . . . , tAn 〉 : Ar(Φ) → Ar(Φ).
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Thus, EA has an initial fixed point in Ar(Φ), unique up to natural isomorphism,
that we denote by

|EA| = (|E|A1 , . . . , |E|An ),

so that, in particular,

|E|Ai = tAi (|E|A1 , . . . , |E|An ),

at least up to isomorphism, for each i = 1, . . . , n.
It is well known that |E|A can be ‘computed’ in the following way. Let

g0 = (g0,1, . . . , g0,n), where, for each j ∈ [n], g0,j = 0[Akj→A] is the constant
functor Akj → A determined by the object 0A. Then, for each i ≥ 0, de-
fine gi+1 = (gi+1,1, . . . , gi+1,n), where gi+1,j = tAj (gi) for all j ∈ [n]. Next, let
φ0 = (φ0,1, . . . , φ0,n), where φi,j , j ∈ [n], is the unique natural transformation
0[Akj→A] → g1,j . Moreover, for each i ≥ 0, define φi+1 = (φi+1,1, . . . , φi+1,n)
as the natural transformation φi+1,j = tAj (φi). Then |E|A is the colimit of the
ω-diagram (φi : gi → gi+1)i≥0 in the continuous functor category Ar(Φ).

Definition 3. Suppose that A is a continuous categorical Σ-algebra. We call a
functor f : Am → A Σ-algebraic, if there is a recursion scheme E such that f is
isomorphic to |E|A1 , the first component of the above-mentioned initial solution
of E. When m = 0, we identify a Σ-algebraic functor with a Σ-algebraic object.
Last, a Σ-regular object is an object isomorphic to the first component of the
initial solution of a Σ-regular recursion scheme.
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Fig. 2. The ∆-regular and Γ -algebraic tree
P

i≥1 a
i

In particular, we get the notions of Γ -algebraic and Γ -regular trees, and
∆-algebraic and ∆-regular trees.
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Example 1. The following ∆-regular recursion scheme

X = (X · a) + a (3)

has the infinitely branching tree
∑
i≥1 a

i depicted on Figure 2 as its initial so-
lution. That tree is therefore ∆-regular. Note that the tree

∑
i≥1 a

i is also Γ -
algebraic because it is the initial solution of the following Γ -recursion scheme

F1 = F2(a)
F2(v) = v + F2(a.v).

(Recall that we use a as an abbreviation of a.1.) So Γ -algebraic recursion schemes
can be used to define infinitely branching trees that have an infinite number of
subtrees, even up to bisimilarity [31, 34].

6 A comparison

In this section, we interpret recursion schemes over the continuous categorical
algebra ST(A), viewed either as a Γ -algebra or a ∆-algebra.

It is clear that every Γ -regular tree is ∆-regular and that the inclusion is
proper, since every Γ -regular tree has, up to isomorphism, only a finite number
of subtrees, see [8, 30], while there exist ∆-regular and Γ -algebraic trees that do
not have this property. (See Example 1.) The strict inclusion also holds with re-
spect to strong bisimulation equivalence or language equivalence. The ∆-regular
trees that can be defined using regular ∆-recursion schemes that do not contain
occurrences of the constants 0 and 1 correspond to unfoldings of the labelled
transition systems denoted by terms in Basic Process Algebra (BPA) with re-
cursion, see, for instance, [3, 4, 6]. Indeed, the signature of BPA contains one
constant symbol a for each action as well as the binary + and · operation sym-
bols, denoting nondeterministic choice and sequential composition, respectively.
In the remainder of this paper, we write BPA for ‘BPA with recursion’.

Alternatively, following [32], one may view BPA as the class of labelled tran-
sition systems associated with context-free grammars in Greibach normal form
in which only leftmost derivations are permitted.

The class of Basic Parallel Processes (BPP) is a parallel counterpart of BPA
introduced by Christensen [18]. BPP consists of the labelled transition systems
associated with context-free grammars in Greibach normal form in which ar-
bitrary derivations are allowed. We refer the interested readers to [32] for the
details of the formal definitions, which are not needed to appreciate the results
to follow, and further pointers to the literature.

Proposition 5. If f, f ′ : ST(A)k → ST(A) are Γ -algebraic, then so is f · f ′.

Proof. Suppose that f and f ′ are the first components of the initial solutions over
ST(A) of the Γ -recursion schemes E and E′. Without loss of generality, we may
assume that E and E′ have disjoint sets of functor variables. Let F1(x1, . . . , xk)
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and F ′1(x1, . . . , xk) denote the left-hand sides of the first equations of E and
E′. Then replace each occurrence of the symbol 1 on the right-hand-side term
of each equation of E with F ′1(x1, . . . , xk), and consider the recursion scheme
consisting of these equations together with the equations of E′. The component
of the initial solution of this scheme which corresponds to F1 is f · f ′. 2

Example 2. The tree bω is Γ -regular since it is the initial solution of the following
Γ -regular recursion scheme

X = b.X.

According to the above proposition, the tree (
∑
i≥1 a

i)·bω is Γ -algebraic. Indeed,
it is the initial solution of the recursion scheme

F1 = F2(a.b.X)
F2(v) = v + F2(a.v)

X = b.X.

Theorem 1. Every ∆-regular tree is Γ -algebraic.

Proof. Consider a regular ∆-recursion scheme E,

F1 = t1
...

Fn = tn,

which defines the ∆-regular tree s ∈ ST(A). Let Φ = {F1, . . . , Fn} and Ψ =
{G0, G1, . . . , Gn}, where each Fi is of rank 0, G0 is of rank 0, and each Gi with
i ≥ 1 is of rank 1.

Given a variable-free ∆ ∪ Φ-term t, we define its translation t′ to be a Γ ∪
(Ψ − {G0})-term in the variable v1.

– If t = Fi, for some i ∈ [n], then t′ = Gi(v1).
– If t = 0 then t′ = 0.
– If t = 1 then t′ = v1.
– If t = a then t′ = a.v1.
– If t = t1 + t2 then t′ = t′1 + t′2.
– If t = t1 · t2 then t′ = t′1(t′2), the term obtained by substituting t′2 for each

occurrence of v1 in t′1.

Note that
tST(A) : ST(A)n → ST(A)

and
t′ST(A) : [ST(A)→ ST(A)]n → [ST(A)→ ST(A)]

The two functors are related.
For a tree r ∈ ST(A), let r denote the functor “left composition with r”,

r · (−) in [ST(A)→ ST(A)].
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Claim 1. For each variable-free ∆ ∪ Φ-term t and its translation t′, and for
each sequence of trees r1, . . . , rn in ST(A), it holds that

tST(A)(r1, . . . , rn) = t′ST(A)(r1, . . . , rn).

Indeed, when t = Fi, for some i ∈ [n], then t′ is Gi(v1) and both sides
are equal to the functor ri. If t = 0, then both sides are equal to the con-
stant functor ST(A) → ST(A) determined by the tree 0ST(A), and when t = 1,
both sides are equal to the identity functor ST(A) → ST(A). Indeed, since
tST(A)(r1, . . . , rn) = 1ST(A), left composition with tST(A)(r1, . . . , rn) is the iden-
tity functor as is t′ST(A)(r1, . . . , rn) = v

ST(A)
1 (r1, . . . , rn). Suppose now that t = a

for some a. Then both sides are equal to the the functor a, left composition with
a. Next let t = t1 + t2, and suppose that the claim holds for t1 and t2. Then

tST(A)(r1, . . . , rn) = t
ST(A)
1 (r1, . . . , rn) + t

ST(A)
2 (r1, . . . , rn)

= t
′ST(A)
1 (r1, . . . , rn) + t

′ST(A)
2 (r1, . . . , rn)

= t′ST(A)(r1, . . . , rn).

Last, suppose that t = t1 · t2, and that the claim holds for both terms t1 and t2.
Then

tST(A)(r1, . . . , rn) = t
ST(A)
1 (r1, . . . , rn) ◦ tST(A)

2 (r1, . . . , rn)

is the composition of the functors tST(A)
1 (r1, . . . , rn) and tST(A)

2 (r1, . . . , rn) (where
the second functor is applied first), as is the functor

t′ST(A)(r1, . . . , rn) = t
′ST(A)
1 (r1, . . . , rn) ◦ t′ST(A)

2 (r1, . . . , rn)

= t
ST(A)
1 (r1, . . . , rn) ◦ tST(A)

2 (r1, . . . , rn).

Claim 2. For each variable-free ∆ ∪ Φ-term t and its translation t′, and for
each sequence of trees r1, . . . , rn in ST(A), it holds that

tST(A)(r1, . . . , rn) = (t′ST(A)(r1, . . . , rn))(1ST(A))

Indeed, by Claim 1, we have

tST(A)(r1, . . . , rn) = (tST(A)(r1, . . . , rn))(1ST(A)) = (t′ST(A)(r1, . . . , rn))(1ST(A)).

Let E′ denote the Γ -algebraic scheme

G0 = G1(1)
G1(v1) = t′1

...
Gn(v1) = t′n
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We claim that E′ is equivalent to E, i.e., E′ also defines s. To this end, let G
denote the recursion scheme consisting of the last n equations of E′. In order to
compare the schemes E and G, define

s0 = (s0,1, . . . , s0,n) = (0ST(A), . . . , 0ST(A))

si+1 = (si+1,1, . . . , si+1,n) = (tST(A)
1 (si), . . . , tST(A)

n (si))

g0 = (g0,1, . . . , g0,n) = (0[ST(A)→ST(A)], . . . , 0[ST(A)→ST(A)])

gi+1 = (gi+1,1, . . . , gi+1,n) = (t′ST(A)
1 (gi), . . . , t′ST(A)

n (gi))

For each i, define si = (si,1, . . . , si,n). We prove by induction on i that gi = si.
This is clear when i = 0, since for each j ∈ [n], g0,j = 0[ST(A)→ST(A)] =

0ST(A) = s0,j . To prove the induction step, suppose that we have established our
claim for some i ≥ 0. Then for all j ∈ [n],

gi+1,j = t
′ST(A)
j (gi)

= t
′ST(A)
j (si)

= t
ST(A)
j (si), by Claim 1,

= si+1,j

For each j ∈ [n], let φ0,j denote the unique morphism 0ST(A) → s1,j . Then define

φ0 = (φ0,1, . . . , φ0,n)

φi+1 = (φi+1,1, . . . , φi+1,n) = (tST(A)
1 (φi), . . . , tST(A)

n (φi))

Next, let ψ0,j denote the unique natural transformation 0[ST(A)→ST(A)] → g1,j ,
for each j ∈ [n]. Define

ψ0 = (ψ0,1, . . . , ψ0,n)

ψi+1 = (ψi+1,1, . . . , ψi+1,n) = (t′[ST(A)→ST(A)]
1 (ψi), . . . , t′[ST(A)→ST(A)]

n (ψi))

Thus, each ψi,j is a natural transformation from gi,j = si,j to gi+1,j = si+1,j , and
each φi,j is a morphism si,j → si+1,j . Define φi,j to be the natural transformation
si,j → si+1,j such that for any tree f , the corresponding component of φi,j is
φi,j · f . Let φi = (φi,1, . . . , φi,n).

Claim 3. For each i, it holds that ψi = φi.
The proof is similar to the above argument. Using this claim, it follows that

φi,j = ψi,j(1ST(A)) for each i, j, since

ψi,j(1ST(A)) = φi,j(1ST(A)) = φi,j .

It is now easy to complete the proof. By the Bekić identity,

|E′ST(A)| = |GST(A)|(1ST(A))
= Colim((ψi,1(1ST(A)) : gi,1(1)→ gi+1,1(1ST(A)))i≥0)
= Colim((φi,1 : si,1 → si+1,1)i≥0)

= |E|ST(A),
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up to isomorphism. 2

Example 3. Suppose that E is given by the single equation

F = 1 + a · F · b

Then E′ is

G0 = G(1)
G(v) = v + a.(G(b.v))

Both of them define the tree depicted on Figure 3.
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Fig. 3. The ∆-regular and Γ -algebraic tree from Example 3

The translation given in the proof of Theorem 1 resulted in an algebraic
recursion scheme G over Γ of the form

G0 = G1(1)
G1(v1) = p1

...
Gn(v1) = pn

where G0 has arity 0, each Gi with i ≥ 1 has arity 1, and where none of the
terms pi has an occurrence of the constant 1. We point out that any such scheme
can be obtained from some regular recursion scheme E over ∆.

Let Ψ = {G1, . . . , Gn} and Φ = {F1, . . . , Fn}, where each Fi has arity 0. We
give a transformation of a Γ ∪ Ψ -term p in the variable v1, which contains no
occurrence of the constant 1, into a variable-free ∆∪Φ-term p̂ such that (p̂)′ = p,
where (p̂)′ is defined in the proof of Theorem 1.

1. If p = 0 then p̂ = 0.
2. If p = v1 then p̂ = 1.
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3. If p = p1 + p2 then p̂ = p̂1 + p̂2.
4. If p = a.p1 then p′ = a · p̂1.
5. If p = Gi(p1) then p̂ = Fi · p̂1.

Claim. Let p be a Γ ∪ Ψ -term in the variable v1 containing no occurrence of
the constant 1. Then (p̂)′ = p.

We prove this claim by induction on the structure of p. When p = 0, p̂ = 0
and (p̂)′ = 0, and when p = v1, p̂ = 1 and (p̂)′ = v1. Suppose that p is of the
form p1 + p2 and that the claim holds for p1 and p2. In this case p̂ = p̂1 + p̂2

and (p̂)′ = (p̂1)′ + (p̂2)′ = p1 + p2 = p, by the induction hypothesis. Next let
p = a.p1 where a ∈ A and suppose that the claim holds for p1. Then p̂ = a · p̂1

and (p̂)′ = (a.v1)((p̂1)′) = a.(p̂1)′ = a.p1 = p. Last, suppose that p = Gi(p1)
for some i ∈ [n] and p1 satisfying the claim. Then we have p̂ = Fi · p̂1 and
(p̂)′ = Gi((p̂1)′) = Gi(p1) = p. This completes the proof of the claim.

Now consider the regular ∆-scheme E

F1 = p̂1

...
Fn = p̂n

By the proof of Theorem 1, G corresponds to E. Thus, E and G define the same
tree.

Proposition 6.

1. Every synchronization tree that is the unfolding of a BPA process is Γ -
algebraic.

2. There is a Γ -algebraic synchronization tree that is neither definable in BPA
modulo bisimilarity nor in BPP modulo language equivalence.

Proof. The former claim follows easily from Theorem 1. In order to prove the
latter statement, consider the LTS depicted on Figure 4. This LTS is not express-
ible in BPA modulo modulo bisimilarity and is not expressible in BPP modulo
language equivalence (if the states q are r are the only final states in the LTS)—
see [32, page 206, Example (f)]. On the other hand, the synchronization tree
associated with that LTS is Γ -algebraic because it is the unique solution of the
recursion scheme below.

F1 = b+ c+ a.F2(b2, c2)
F2(v1, v2) = v1 + v2 + a.F2(b.v1, c.v2)

So non-regular Γ -algebraic recursion schemes are more expressive than BPA
modulo bisimilarity and can express synchronization trees that cannot be defined
in BPP up to language equivalence, and therefore up to bisimilarity. 2
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Fig. 4. An LTS whose unfolding is an algebraic synchronization tree

Further examples of algebraic synchronization trees Consider the LTS on Fig-
ure 5. The synchronization tree associated with that LTS is Γ -algebraic because
it is defined by the recursion scheme below.

F1 = F2(1)
F2(v) = v + a.F2(b.F2(v))

The idea underlying the above definition is as follows. At any given vertex in
the LTS on Figure 5, the argument v of F2 denotes the subtree obtained by
unfolding the LTS from that vertex and not taking the a-labelled edge as a first
step. F2(v) denotes the tree obtained by unfolding the LTS at that vertex.

As noted above, this algebraic recursion scheme over Γ corresponds to the
regular recursion scheme over ∆,

G = 1 + a ·G · b ·G.

//'&%$ !"#�������� a //'&%$ !"# a //

b
oo '&%$ !"# a //

b
oo '&%$ !"# a //

b
oo · · ·

b
oo

Fig. 5. An LTS accepting the Dyck language

As another example, consider the LTS on Figure 6. This LTS is not express-
ible in BPA modulo modulo bisimilarity—see [32, page 206, Example (c)]. On
the other hand, the synchronization tree associated with that LTS is Γ -algebraic
because it is the unique solution of the Γ -algebraic recursion scheme below.

G = F (1, 1)
F (v1, v2) = v1 + c.v2 + a.F (b.F (v1, y), b.v2)
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The idea underlying the above definition is as follows. At any given vertex in the
LTS on Figure 6, the argument v1 of F denotes the subtree obtained by unfolding
the LTS from the vertex and not taking the a-labelled or c-labelled edges as a
first step. The argument v2 of F instead encodes the number of b-labelled edges
that one must perform in a sequence in order to terminate. F (v1, v2) denotes
the tree obtained by unfolding the LTS from that vertex.

//'&%$ !"# a //

c

��

'&%$ !"#
b

oo
a //

c

��

'&%$ !"# a //

b
oo

c

��

· · ·
b

oo

'&%$ !"#�������� '&%$ !"#
b

oo '&%$ !"#
b

oo · · ·
b

oo

Fig. 6. Another LTS that cannot be expressed in BPA, but whose unfolding is an
algebraic synchronization tree

7 Branch languages of bounded synchronization trees

Call a synchronization tree bounded if there is a constant k such that the out-
degree of each vertex is at most k. Our aim in this section will be to offer a
language-theoretic characterization of the expressive power of Γ -algebraic re-
cursion schemes defining synchronization trees. We shall do so by following
Courcelle—see, e.g., [21]—and studying the branch languages of synchroniza-
tion trees whose vertices have bounded outdegree. More precisely, we assign a
family of branch languages to each bounded synchronization tree over an al-
phabet A and show that a bounded tree is Γ -algebraic if, and only if, the
corresponding language family contains a deterministic context-free language
(DCFL). Throughout this section, we will call Γ -algebraic trees just algebraic
trees, and similarly for regular trees.

Definition 4. Suppose that t = (V, v0, E, l) is a bounded synchronization tree
over the alphabet A. Denote by k the maximum of the outdegrees of the ver-
tices of t. Let B denote the alphabet A × [k]. A determinization of t is a tree
t′ = (V, v0, E, l

′) over the alphabet B which differs from t only in the labelling
as follows. Suppose that v ∈ V with outgoing edges (v, v1), . . . , (v, v`) labelled
a1, . . . , a` ∈ A ∪ {ex} in t. Then there is some permutation π of the set [`] such
that the label of each (v, vi) in t′ is (ai, π(i)).

Consider a determinization t′ of t. Let v ∈ V and let v0, v1, . . . , vm = v
denote the vertices on the unique path from the root to v. The branch word
corresponding to v in t′ is the alternating word

k0(a1, i1)k1 . . . km−1(am, im)km
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where k0, . . . , km denote the outdegrees of the vertices v0, . . . , vm, and for each
j ∈ [m], (aj , ij) is the label of the edge (vj−1, vj) in t′. The branch language
L(t′) corresponding to a determinization t′ of t consists of all branch words of
t′.

Finally, the family of branch languages corresponding to t is:

L(t) = {L(t′) | t′ is a determinization of t}.

//'&%$ !"#��������
c

��

a //'&%$ !"#
c

��

a //

b
oo '&%$ !"#

c

��

a //

b
oo '&%$ !"#

c

��

a //

b
oo · · ·

b
oo

'&%$ !"#
d

OO

a //

c

��

'&%$ !"#
d

OO

a //

b
oo

c

��

'&%$ !"#
d

OO

a //

b
oo

c

��

'&%$ !"#
d

OO

c

��

a //

b
oo · · ·

b
oo

'&%$ !"#
d

OO

a //

c

��

'&%$ !"#
d

OO

a //

b
oo

c

��

'&%$ !"#
d

OO

a //

b
oo

c

��

'&%$ !"#
d

OO

a //

b
oo

c

��

· · ·
b

oo

...

d

OO

...

d

OO

...

d

OO

...

d

OO

...

Fig. 7. An LTS whose unfolding is not an algebraic synchronization tree

By way of example, consider the LTS depicted in Figure 7. This LTS describes
the behaviour of a bag over a two-letter alphabet, when we consider b to stand
for the output of an item that was input via a, and d to signal the output of
an item that was input via c. The synchronization tree tbag that is obtained
by unfolding this LTS from its start state is bounded. In fact, the outdegree of
each non-leaf node is three. The branch words corresponding to the nodes of any
determinization of the tree tbag have the form

3(a1, i1)3 . . . 3(am, im)km,

where km is either 3 or 0, i1, . . . , im ∈ [3] and a1 . . . am is a word with the
property that, in any of its prefixes, the number of occurrences of the letter a
is greater than or equal to the number of occurrences of the letter b, and the
number of occurrences of the letter c is greater than or equal to the number of
occurrences of the letter d. Moreover, for each j ∈ [m], aj = ex if and only if
j = m and km = 0. (Note that, when am = ex, the number of a’s in a1 . . . am−1

equals the number of b’s, and similarly for c and d.)
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Theorem 2. A bounded synchronization tree t is algebraic (respectively, regu-
lar) iff L(t) contains a DCFL (respectively, regular language).

In the proof, we make use of the following construction. Suppose that t =
(V, v0, E, l) is a bounded synchronization tree over A. Let k be defined as above
and let Σ be the signature containing the symbol +i of rank i for each i ∈ [k],
the constant symbols 0 and 1, and the letters of A as symbols of rank 1. We will
sometimes write +0 for 0. Then each determinization t′ of t naturally corresponds
to a term tree Tt′ in the initial continuous categorical Σ-algebra TωΣ . As a partial
function N∗ → Σ, the term tree Tt′ is defined as follows. Consider a vertex v ∈ V
with corresponding branch word k0(a1, i1) . . . (an, in)kn. Then Tt′ is defined on
both words i11 . . . in1 and i11 . . . 1in, and

Tt′(i11 . . . in1) = +kn

Tt′(i11 . . . 1in) =
{
an if an ∈ A
1 if an = ex.

In addition, Tt′ is defined on the empty word ε and Tt′(ε) = +k0 , where k0 is
the outdegree of the root.

Lemma 1. Suppose that t ∈ ST(A) is bounded and has a determinization t′

such that the Σ-term tree Tt′ is algebraic (regular, resp.). Then t is algebraic
(regular, resp.).

Proof. We can turn ST(A) into a continuous categorical Σ-algebra by defining

+i(t1, . . . , ti) = t1 + · · ·+ ti

for each i ∈ [k] and t1, . . . , ti ∈ ST(A), and similarly for morphisms between
trees in ST(A). Now up to natural isomorphism, there is a unique categorical
Σ-algebra morphism hΣ : TωΣ → ST(A). For any t ∈ ST(A) and for any deter-
minization t′ of t, h maps Tt′ to a tree isomorphic to t. Since, by the Mezei-Wright
theorem [10], hΣ preserves algebraic and regular objects, if Tt′ is algebraic or
regular, then so is t. 2

Lemma 2. Suppose that t ∈ ST(A) is bounded and algebraic (regular, resp.).
Then t has a determinization t′ such that the Σ-term tree Tt′ is algebraic (regular,
resp.).

Proof. Suppose that t is algebraic and bounded by k. Then, by the Mezei-Wright
theorem [10], there is an algebraic term tree T0 ∈ TωΓ such that hΓ (T0) is iso-
morphic to t, where hΓ denotes the essentially unique continuous categorical
Γ -algebra morphism TωΓ → ST(A). We want to show that there is an alternating
algebraic Σ-term tree T1 ∈ TωΣ such that hΣ(T1) is isomorphic to t, where hΣ is
the essentially unique continuous categorical Σ-algebra morphism TωΣ → ST(A).
Since such a term tree T1 is Tt′ for some determinization t′ of t, this completes
the proof.
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We construct T1 from T0 in two steps. First, we replace all maximal subterms
all of whose vertices are labelled + or 0 by a single vertex labelled 0 to obtain
a Γ -term tree T ′0. Second, we consider vertices of T ′0 labelled + whose parent, if
any, is labelled in A. Since t is bounded by k, the subterm rooted at such a vertex
can be written as s0(S1, . . . , Sn), where s0 is a finite term all of whose vertices are
labelled + or 0 or a variable in the set {v1, . . . , vn} for some n ≤ k, whose frontier
word is v1 · · · vn, and each Si is a Γ -term tree whose root is labelled in A∪ {1}.
We replace each such vertex by a vertex labelled +n having n outgoing edges
labelled 1, . . . , n connecting this vertex to the roots of S1, . . . , Sn, respectively.

The first transformation is a monadic colouring [13, 15] (a special case of
monadic interpretation, which is also known as monadic marking [15]), since
there is a monadic second-order formula φ(x) characterizing those vertices x of
T0 such that all vertices of the subterm rooted at x are labelled + or 0, but any
other subterm containing x has a vertex labelled in A ∪ {1}:

∀y.(x ≤ y ⇒ (λ+(y) ∨ λ0(y)) ∧ ∀y.(y < x⇒ (∃z.y ≤ z ∧
∨

a∈A∪{1}

λa(z))

Thus, the first transformation gives an algebraic Γ -term tree, since algebraic
term trees (and in fact deterministic algebraic trees in the pushdown hierarchy)
are closed under monadic colourings [15, Proposition 1].

In order to prove that the second transformation also gives an algebraic term
tree, we argue on the level of graphs. Suppose that T ′0 is the algebraic term
tree obtained after the first step. Since T ′0 is algebraic, it is the unfolding of a
(deterministic) prefix recognizable graph G from its root r, see [15, 16]. Without
loss of generality we may assume that every vertex of G is accessible from r. Our
aim is to define a monadic transduction which, when applied to G, produces
a graph G′ whose unfolding from vertex r is T1. Since, by Proposition 1 in
conjunction with Lemma 2 in [15], prefix recognizable graphs are closed under
monadic transductions, it follows that T1 is algebraic.

We start by considering G together with a disjoint copy of G, whose vertices
are ordered pairs (v, 1) where v is vertex of G. The label of a vertex (v, 1) is the
label of v in G. The edges are the edges of G and an edge v → (v, 1) labelled #
for each vertex v of G. Edges in G retain their label.

Then we drop all vertices of the form (v, 1) where the label of v is different
from + using the formula

∃y.E#(y, x) ∧ ¬λ+(x)

which is satisfied by exactly those vertices (v, 1) labelled +. Moreover, we define
new edges. First of all, we keep all edges v → v′ of G such that v is labelled
in A, or v is labelled + but v′ is not. Each such edge retains its label. Second,
whenever v and v′ are both labelled + in G we introduce an edge v → (v′, 1)
and an edge (v, 1) → (v′, 1) whose label is the same as that of the edge v → v′

in G. For this purpose, we use the formulas in the free variables x, y,

λ+(x) ∧ λ+(y) ∧ ∃y′.(E#(y′, y) ∧ (Ei(x, y′) ∨ ∃x′.(E#(x′, x) ∧ Ei(x′, y′))))
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where i = 1, 2. Last, for each edge v → v′ of G such that v is labelled + but v′

is not, we introduce an edge (v, 1) → v′ whose label is that of the edge v → v′.
This is done by utilizing the formula

λ+(x) ∧ ¬λ+(y) ∧ ∃x′.(E#(x′, x) ∧ Ei(x′, y))

where again i = 1, 2.
Note that the unfolding of the graph constructed above from the vertex r is

T ′0. Next, consider any vertex v labelled + together with all paths originating in v
leading to a vertex labelled in A∪{1}. Since t′ is bounded by k, each such path is
simple and the number of such paths is at most k. Let v1, . . . , vn denote the (not
necessarily different) end vertices of these paths, ordered “lexicographically”. We
relabel v by +n and introduce a new edge v → vi labelled i for each i. This is
accomplished by using the following formulas. Let Path(x,X, y) denote a formula
that says that the set of vertices X forms a path from x to y, the label of each
vertex in X other than y is different from +, and the label of y is in A ∪ {1}.
Then for each n, the formula

∃X1 . . . Xn,∃x1, . . . , xn.
∧
i<j

¬(Xi = Xj) ∧
∧
i

Path(x,Xi, xi)

expresses that there are at least n different paths from x to some vertex y labelled
in A ∪ {1}, all of whose vertices different from y are labelled +. With the help
of these formulas we can also express that there are exactly n such paths from
x. Finally, when Path(x,X, y) and Path(x,X ′, y′) with X 6= X ′, we can express
the fact that X is lexicographically less than X ′ by the formula

∃Y,Z, Z ′.∃z0, z, z
′(X = Y ∪ Z ∧X ′ = Y ∪ Z ′ ∧ Path(x, Y, z0)∧

(z = y ∨ Path(z, Z, y)) ∧ (z′ = y′ ∨ Path(z′, Z ′, y′)) ∧ E0(z0, z) ∧ E1(z0, z
′)

In addition to these new edges, we keep all edges originating from a vertex
labelled in A (that are necessarily labelled 1). All vertices of the form (v, 1)
become inaccessible from r. The unfolding of the new graph from vertex r is
almost an alternating term. In order to make it alternating, we have to add a
new root labelled +1 if r is labelled in A together with an edge to r, and replace
each edge v → v′ where both v and v′ are labelled in A by new edges v → u
and u→ v, where u is a new vertex labelled +1. These edges are labelled 1. The
new graph is still obtained by monadic transduction, and its unfolding is the
alternating term T1.

The same argument works in the regular case using the fact that regular
terms are unfoldings of finite (deterministic) graphs, and that finite graphs are
closed under monadic transduction. 2

Proof of Theorem 2. Suppose that t ∈ ST(A) is bounded. If t is algebraic,
then by Lemma 2 there is some determinization t′ of t such that Tt′ is algebraic.
By Courcelle’s theorem, the branch language of Tt′ is a DCFL. But the branch
language of Tt′ is essentially L(t′).
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Suppose now that t has a determinization t′ such that L(t′) is a DCFL. Then
the branch language of Tt′ is a DCFL, and thus by Courcelle’s theorem, Tt′ is
algebraic. The proof is completed by using Lemma 1.

A similar reasoning applies in the regular case. 2

The language-theoretic characterization of the class of bounded algebraic
synchronization trees offered in Theorem 2 can be used to prove that certain
trees are not algebraic.

Proposition 7. The synchronization tree tbag associated with the bag over a
binary alphabet depicted on Figure 7 is not algebraic, even up to language equiv-
alence.

Proof. Recall that the branch words corresponding to the nodes of any deter-
minization of the tree tbag have the form

3(a1, i1)3 . . . 3(am, im)km,

where km is either 3 or 0, i1, . . . , im ∈ [3] and a1 . . . am is a word with the
property that, in any of its prefixes, the number of occurrences of the letter a
is greater than or equal to the number of occurrences of the letter b, and the
number of occurrences of the letter c is greater than or equal to the number of
occurrences of the letter d. Moreover, aj = ex if and only if j = m and km = 0.
The words accepted by that LTS are those that in addition satisfy that the
total number of occurrences of the letter a in a1 . . . am is equal to the number
of occurrences of the letter b, and the number of occurrences of the letter c in
a1 . . . am is equal to the number of occurrences of the letter d and which end in
0.

If the language associated with any determinization of tbag were context-
free, then so would the language obtained by applying to each word in it the
morphism that erases the letters kj and renames each (aj , ij) to aj . However,
that language is not context free. Therefore, Theorem 2 yields that tbag is not
algebraic. 2

The above proposition is a strengthening of a classic result from the literature
on process algebra proved by Bergstra and Klop in [6]. Indeed, in Theorem 4.1
in [6], Bergstra and Klop showed that the bag over a domain of values that
contains at least two elements is not expressible in BPA. Moreover, by Proposi-
tion 6, the collection of synchronization trees that are definable in BPA is strictly
included in the set of Γ -algebraic ones (Theorem 1). Therefore, Proposition 7 is
stronger than the above-mentioned inexpressibility result by Bergstra and Klop,
and offers an alternative proof for it. Up to tree isomorphism, we shall offer an
even stronger statement in Section 10.1.

Example 4. Consider the following ∆-algebraic scheme:

F0 = F (1)
F (v) = a · F (b · v) + v · c · v · 0
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Fig. 8. A ∆-algebraic tree that is not Γ -algebraic

The synchronization tree defined by this scheme is depicted on Figure 8. Given
any determinization of this tree, the language {anbncbn : n ≥ 0} is a homomor-
phic image of the intersection of its branch language with a regular language.
Thus there is no Γ -algebraic synchronization tree that is language equivalent to
it.

We conclude:

Proposition 8. There is a ∆-algebraic tree that is not language equivalent to
any Γ -algebraic tree.

Remark 3. A ∆-algebraic recursion scheme is essentially (more precisely, up to
distributivity of · over finite sums) the same thing as a macro grammar [25].
Macro grammars generate the class of languages as Aho’s indexed grammars [2].

8 The Caucal hierarchy and prefix recognizable graphs

In the following section, we will compare the expressiveness of recursion schemes
to that of the low classes in the Caucal hierarchy [16]. For the sake of complete-
ness, following [15], we recall that Tree0 and Graph0 denote the collections of
finite, edge-labelled trees and graphs, respectively. Moreover, for each n ≥ 0,
Treen+1 stands for the collection of unfoldings of graphs in Graphn, and the
graphs in Graphn+1 are those that can be obtained from the trees in Treen+1 by
applying a monadic interpretation (or transduction) [22]. It is well known that
Graph1 is the set of all prefix-recognizable graphs [17].

8.1 Prefix recognizable graphs

In the remainder of this section, we will discuss in more detail the fundamental
family of prefix-recognizable graphs and study some properties of the graphs in
this family that will find application in Section 9.
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Definitions on labelled graphs We begin by presenting labelled graphs and
the operation of contraction on such graphs.

Definition 5 (edge-labelled graph). An edge-labelled graph, whose edges
are labelled by elements of a finite set A, is a pair (V,E) where V is a set of
vertices and E ⊆ V × A × V is a set of labelled edges. The edge (u, a, v) has
source u, target v and label a.

An edge-labelled graph (V,E) id deterministic iff for all u, v1, v2 ∈ V and
a ∈ A, if (u, a, v1) ∈ E and (u, a, v2) ∈ E then v1 = v2.

In an edge-labelled graph G = (E, V ), the existence of an edge (u, a, v) in
E is denoted by u

a−→
G

v or simply u
a→ v when G is clear from the context.

This notation is extended to words in A∗ in the usual way. We write u L→ v, for
vertices u and v, and for some L ⊆ A∗, when there is some word w ∈ L such
that u w→ v.

Figure 9 gives two examples of edge-labelled graphs. The names of the vertices
are given between parentheses next to the dots representing the vertices.

Definition 6 (Root of a graph). A vertex r is a root of an edge-labelled graph
if there exists a path from r to each vertex of the graph.

We now define the analog of ε-closure on NFAs for edge-labelled graphs.

(1) (01) (001) (0001)

(ε) (0) (00) (000)a a a

e e e

b b b b
e e e

(ε) (0) (00) (000)a a a

b b b

b b

b

Fig. 9. An edge-labelled graph (on the left) admitting ε as a root and its {e}-
contraction from ε (on the right)

Definition 7 (Contraction). Let A and E be two disjoint sets of labels. The
E-contraction of an edge-labelled graph G = (V,E) with labels in A ] E from a
root r is the graph H = (V ′, E′) labelled in A whose set of nodes V ′ consists of
the root r together with all the targets of A-labelled arcs in G and whose edges
are such that:

u
a−→
H

v ⇔ u ∈ V ′, v ∈ V ′ and u E∗a−→
G

v.

Example 5. Figure 9 presents, on the left, an edge-labelled graph and, on the
right, its {e}-contraction.
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Prefix-recognizable graphs: Definitions and examples Prefix-recognizable
graphs are edge-labelled graphs introduced by Caucal [17]. The vertices of a
prefix-recognizable graph are words over a finite alphabet and the edges labelled
by a given symbol a are given by a so-called prefix recognizable relation.

For the rest of the definitions, we fix the alphabet C for the words used
as vertices of a graph. Let us start with the definition of prefix-recognizable
relations.

Definition 8 (Prefix-recognizable relations). A simple prefix-recognizable
relation over words in C∗ is given by three non-empty regular languages U, V
and W ⊆ C∗ and is equal to:

{(uv, uw) | u ∈ U, v ∈ V and w ∈W}.

This relation is denoted U · (V ×W ).
A prefix-recognizable relation is a finite union of simple prefix-recognizable

relations.
For a binary relation R over C∗, we write Im(R) for the image of R and

Dom(R) for its domain. Formally,

Dom(R) = {u | (u, v) ∈ R for some v} and
Im(R) = {v | (u, v) ∈ R for some u}.

Example 6. The identity relation, which is equal to C∗ · (ε × ε), and the prefix
relation, which is equal to C∗ ·(ε×C∗), are examples of simple prefix-recognizable
relations. Assuming that the alphabet C consists of two elements 0 and 1 with the
natural order, the lexicographic order on C∗ is an example of prefix-recognizable
relation that can, for instance, be defined by C∗ · (0C∗ × 1C∗) ∪ C∗ · (ε× C∗).

Definition 9. A prefix-recognizable graph labelled by a finite set A is given by
a tuple (V, (Ra)a∈A) where V is a regular set of words in C∗ and, for all a ∈ A,
Ra is a prefix-recognizable relation such that Im(Ra) ∪Dom(Ra) ⊆ V .

The corresponding graph has V as set of vertices and the following set of
edges:

{(u, a, v) | a ∈ A and (u, v) ∈ Ra}.

Example 7. Assume that C = {0, 1} and consider the prefix recognizable graph
(V, (Ra, Rb)) labelled by {a, b} with V = 0∗, Ra = 0∗·(ε×0) and Rb = 0∗·(0+×ε).
The resulting labelled graph is depicted on the right of Figure 9.

Definition 10 (Edge- and node-labelled graph). An edge- and node-labelled
graph whose edges and nodes are respectively labelled by finite sets A and B is
a triple (V,E, `) where (V,E) is an edge-labelled graph and ` is a mapping from
V to B.

All notions presented above naturally extend to the node-labelled setting.
For instance, to obtain prefix-recognizable graphs that are also node labelled by
a finite B = {b1, . . . , bn}, we simply give a partition of V as V1 ] · · · ]Vn. Nodes
in Vi are labelled by bi.
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Properties of prefix-recognizable relations and graphs In this section,
we present various technical results concerning prefix-recognizable relations and
graphs, which will find application in Section 9.

We start by presenting a normal form for prefix-recognizable relations in
terms of what we call split prefix-recognizable relations. This normal form en-
sures that if an ordered pair (x, y) belongs to the union of relations

U1 · (V1 ×W1) ∪ · · · ∪ Un · (Vn ×Wn)

then there exists a unique i ∈ [n] and a unique decomposition x = uv and y = uw
such that u ∈ Ui, v ∈ Vi and w ∈Wi.

Definition 11 (Split prefix-recognizable relation). A prefix-recognizable
relation is split if it is defined by simple prefix-recognizable relations U1 · (V1 ×
W1), . . . , Un · (Vn ×Wn) such that:

– the relations Ui · (Vi ×Wi), i ∈ [n] are pairwise disjoint;
– for all i ∈ [n], First(Vi) ∩ First(Wi) ⊆ {ε}, where First(L) = {c | cu ∈
L and c ∈ C} ∪ {ε | if ε ∈ L}, for each L ⊆ C∗.

Lemma 3. Every prefix-recognizable relation is equal to a split prefix-recognizable
relation.

Proof. Let R be a prefix-recognizable relation. From point (iii) of the proof
of Theorem 3.17 in [17], we know that R can be expressed as a finite union⋃
i∈[n] Ui · (Vi ×Wi) of simple prefix-recognizable relations such that First(Vi)∩

First(Wi) ⊆ {ε}, for all i ∈ [n].
To every binary n-tuple b = (b1, . . . , bn) ∈ {0, 1}n, we associate three regular

sets Ub, Vb and Wb, which are respectively defined by:

Ub = (
⋂
i∈[n],bi=1 Ui) ∩ (

⋂
i∈[n],bi=0 Ui)

Vb = (
⋂
i∈[n],bi=1 Vi) ∩ (

⋂
i∈[n],bi=0 Vi)

Wb = (
⋂
i∈[n],bi=1Wi) ∩ (

⋂
i∈[n],bi=0Wi)

where, for a language L ⊆ C∗, as usual L designates the complement C∗ \ L of
L.

Claim. The relation R is the disjoint union, denoted by R′, of all the simple
prefix-recognizable relations Ud · (Ve ×Wf ) with d, e and f ∈ {0, 1}n such that
di = ei = fi = 1, for some i ∈ [n].

In order to show that R is included in R′, let (x, y) be an ordered pair in R.
There exists i ∈ [n] such that x and y can be written as uv and uw respectively
with u ∈ Ui, v ∈ Vi and w ∈Wi.

Consider the tuples d̄, ē and f̄ ∈ {0, 1}n such that, for all j ∈ [n], dj = 1 if
u ∈ Uj and dj = 0 otherwise, ej = 1 if v ∈ Vj and ej = 0 otherwise, fj = 1
if w ∈ Wj and fj = 0 otherwise. We have (x, y) ∈ Ud̄ · (Vē ×Wf̄ ) ⊆ R′. The
converse inclusion is immediate.
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Let d, e and f ∈ {0, 1}n such that di = ei = fi = 1 for some i ∈ [n]. We
have First(Vē) ⊆ First(Vi) and First(Wf̄ ) ⊆ First(Wi) and hence First(Vē) ∩
First(Wf̄ ) ⊆ First(Vi) ∩ First(Wi) ⊆ { ε }.

Let d, d
′
, e, e′, f and f

′ ∈ {0, 1}n such that for some i, i′ ∈ [n], di = ei = fi =
1 and d′i′ = e′i′ = f ′i′ = 1. Let S = Ud · (Ve ×Wf ) and S′ = Ud′ · (Ve′ ×Wf

′).
As First(Vē) ∩ First(Wf̄ ) ⊆ { ε } and First(Vē′) ∩ First(Wf̄ ′) ⊆ { ε }, for any

ordered pair (x, y) and decomposition x = uv and y = uw we have that:

(x, y) ∈ S ⇔ u = x ∧ y and u ∈ Ud, v ∈ Ve and w ∈Wf .

(x, y) ∈ S′ ⇔ u = x ∧ y and u ∈ Ud′ , v ∈ Ve′ and w ∈Wf
′ .

where x ∧ y denotes the longest common prefix of x and y. The existence of an
ordered pair (x, y) ∈ S ∩ S′ implies that d = d

′
, e = e′ and f = f

′
. Recall that

by definition, d 6= d
′

implies Ud ∩ Ud′ = ∅. 2

Lemma 4. For every prefix-recognizable graph G labelled in A admitting a root
r, there exists a deterministic prefix-recognizable graph H labelled in A]E such
that the contraction of H according to E from r is equal to G.

Moreover for all vertices u and v of H, there exists at most one path from u
to v labelled in E∗a for each a ∈ A and for any vertex u, if u is the source of an
E-labelled edge then all edges with u as source are labelled in E.

Proof. Let G = (V, (Ra)a∈A) be a prefix-recognizable graph labelled in A. We
can assume, without loss of generality, that the vertices in V are words over the
alphabet C = {0, 1}. By Lemma 3, the relation Ra, a ∈ A, can be expressed as
the disjoint union of simple relations Ua,1 ·(Va,1×Wa,1), . . . , Ua,na ·(Va,na×Wa,na)
with First(Va,i) ∩ First(Wa,i) ⊆ { ε }, for all i ∈ [na].

Before proceeding with the construction, we need to introduce some nota-
tions. Let a ∈ A and let i ∈ [na]. We take Aa,i = (Qa,i, qi,a, Fa,i, δa,i) to be
a complete DFA accepting the reverse of Va,i and Ba,i = (Q′a,i, q

′
i,a, F

′
a,i, δ

′
a,i)

to be a complete DFA accepting Wa,i. We assume that the sets of states of
these automata are pairwise disjoint and we take Q =

⋃
a∈A,i∈[na]Qa,i and

Q′ =
⋃
a∈A,i∈[na]Q

′
a,i.

We are now going to define a prefix-recognizable graph H = (V ′, (R′a)a∈A∪E)
satisfying the properties stated above.

The set of labels E is E = {e0, e1, e2} ∪ {ea,i | a ∈ A and i ∈ [na]}. The
vertices of H are words over the alphabet {0, 1}∪Q∪Q′∪{(a, i) | a ∈ A and i ∈
[na]} ∪ {?}.

Intuitively, the graph H is constructed in such a way that a path labelled
by a word in E∗a from a vertex x ∈ V to a vertex y ∈ V simulates the relation
Ra,i for some a ∈ A and i ∈ [na]. For a fixed a ∈ A and i ∈ [na], the simulation
is done using two set of vertices: vertices in Va,i = {0, 1}∗Qa,i(a, i) and vertices
in V ′a,i = {0, 1}∗Qa,i(a, i). Starting from a vertex x ∈ V , the vertices in Va,i are
used to remove a suffix v of x belonging to Va,i and the vertices in V ′a,i are used
to add a suffix w in Wa,i. When moving from the vertices in Va,i to the vertices in
V ′a,i, we check that the remaining prefix u belongs to Ua,i. This guarantees that
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that x and y can be respectively written as uv and uw with u ∈ Ua,i, v ∈ Va,i
and w ∈Wa,i.

Formally, from a vertex x ∈ V , there is an edge labelled by ea,i to the vertex
xqa,i(a, i) (cf. (1) below). For all words u, v ∈ {0, 1}∗ and for all q ∈ Qa,i,

uvq(a, i)
e
|v|
0−→
H

uδa,i(q, u)(a, i) (cf. (2) below). If u ∈ {0, 1}∗ belongs to Ua,i and

q ∈ Fa,i, uq(a, i)
e1−→
H

uq′a,i(a, i) (cf. (3) below). For all words u, v ∈ {0, 1}∗

and for all q ∈ Q′a,i, uq(a, i)
e∗0−→
H

uvδ′a,i(q, v)(a, i) (cf. (4) below). Finally, for

u ∈ {0, 1}∗ and q ∈ F ′a,i, we have uq(a, i) e1−→
H

u ? (a, i) a−→
H

u (cf. (5) and (6)

below).
The set of vertices V ′ is taken to be V ∪

⋃
a∈A Dom(R′a)∪ Im(R′a). The edges

of H are defined, for all a ∈ A, i ∈ [na], q ∈ Qa,i, q
′ ∈ Q′a,i, u ∈ {0, 1}∗ and

b ∈ {0, 1}∗, by:

u
ea,i−→
H

u qa,i(a, i) for u ∈ V (1)

u bq(a, i) e0−→
H

u δa,i(q, b) for b ∈ {0, 1} (2)

u q(a, i) e1−→
H

u q′a,i(a, i) if q ∈ Fi,a and u ∈ U (3)

u q′(a, i) eb−→
H

ub δ′a,i(q, b)(a, i) for b ∈ {0, 1} (4)

u q′(a, i) e2−→
H

u ? (a, i) if q′ ∈ F ′a,ia (5)

u ? (a, i) a−→
H

u for u ∈ V (6)

The graph H is a deterministic prefix-recognizable graph. We have already
seen that:

Claim. For all x, y ∈ {0, 1}∗, if x a−→
G

y then there exists a path in H labelled in

E∗a from x to y.

It remains to show the other direction.

Claim. For all x, y ∈ {0, 1}∗, if there exists a path from x to y in H labelled in
E∗a then this path is unique and x

a−→
G

y.

Proof. Let x, y ∈ {0, 1}∗ such that there exists a path from x to y in H labelled
in E∗a. By the construction of H, there exist i ∈ [na], and u, v and w ∈ {0, 1}∗
with x = uv and y = uv such that the path is of the form

x
ea,i−→
H

xqa,i
e
|u|
0−→
H

uδ(qa,i, u)(a, i) e1→

uq′a,i(a, i)
w̃−→
H

uwδ′a,i(q
′
a,i, w) e2−→

u
w ? (a, i) a−→

H
uw
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with δ(qa,i, u) ∈ Fa,i, w̃ = ew(1) · · · ew(|w|), δ(q′a,i, w) ∈ F ′a,i and u ∈ Ua,i. It
follows that (x, y) belongs to Ra,i. As the relation was taken to be split (cf.
Lemma 3), the index i is unique and so is the decomposition into u, v and w.
Hence the uniqueness of the path follows. 2

From the above two claims, it follows that the E-contraction of H is equal
to G. 2

9 Synchronization trees in the Caucal hierarchy

In this section, we investigate the relationship between Γ -regular, Γ -algebraic,
∆-regular and ∆-algebraic schemes and the low levels of the Caucal hierarchy.

9.1 ∆-algebraic trees are in Graph3

In this section, we use Proposition 2 to prove that all ∆-algebraic trees belong
to Graph3 and thus have decidable MSO theories.

Proposition 9. All ∆-algebraic synchronization trees are in Graph3 and have
a decidable MSO-theory.

Proof. Let E be an algebraic ∆-scheme. Let t be the ∆-term defined by E,
and t′ the synchronization tree defined by E. By the Mezei-Wright theorem
and Proposition 2, we have that t′ = τ(t). By [16], t is in Tree2, thus by [15],
G(t) ∈ Graph2. Recall that τ(t) is the tree obtained from G(t) by first unfolding
it from the root and then contracting the result with respect to {1}. The first
transformation gives a tree in Tree3, cf. [16], and the second a tree in Graph3.
Thus t′ ∈ Graph3. The decidability of the MSO theory of t′ now follows from [16,
Proposition 2.1 and 2.3]. 2

Corollary 1. The unfolding of the LTS bag presented in Figure. 6 does not have
a decidable MSO-theory and hence is not ∆-algebraic.

9.2 Synchronization trees in Tree2 are Γ -algebraic

Recall that tree is in Tree2 if it is the unfolding of a prefix-recognizable graph.
In this subsection, we will represent a Γ -term tree as an edge labelled tree.

The synchronization tree associated to a Γ -term tree was described in 4. For the
reader’s convenience, we repeat the definition here.

Suppose that t is a possibly infinite Γ -term tree. Then the set X of vertices of
the associated synchronization tree in ST(A) is composed of the root ε of t and
those vertices of t represented by words (over the alphabet containing the letters
+1,+2, a1, 1, where a ∈ A) ending in a1 or 1. The edges of the synchronization
tree associated to t are given by:

{u a→ uv | u, uv ∈ X and v ∈ {+1,+2}∗a1}
∪ {u ex→ uv | u, uv ∈ X and v ∈ {+1,+2}∗1}
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Recall that by the Mezei-Wright theorem, a synchronization tree is Γ -algebraic if
and only if it is isomorphic to the synchronization tree associated to the Γ -term
tree defined by an algebraic Γ -scheme.

It is convenient to add to the signature Γ sums of arbitrary nonzero rank.
For this, we consider the signature4 Γ̃ = {+n | n ≥ 1} ∪ A ∪ {0, 1} where the
rank of each symbol +n is n. The synchronization tree associated to a Γ̃ -term
tree is defined similarly as the synchronization tree associated to a Γ -term tree
(simply replace {+1,+2}∗ by {+1,+2,+m

n | m ≥ 1, n ≤ m}∗.)

Lemma 5. A synchronization tree in ST(A) is Γ -algebraic if and only if it is
isomorphic to the synchronization tree associated to the Γ̃ -term tree defined by
an algebraic Γ̃ -scheme.

Proof. We can transform an algebraic Γ̃ -scheme into a Γ -scheme defining the
same synchronization tree by replacing every occurrence of a subterm on the
right-hand side of an equation of the form +n(t1, . . . , tn) by ((t1+t2)+t3) . . .+tn
for n ≥ 3, every subterm of the form t1 +2 t2 by t1 +t2, and finally every subterm
of the form +1(t1) by t1 + 0. 2

Proposition 10. Synchronization trees in Tree2 are Γ -algebraic.

Proof. Let t be a synchronization tree in Tree2. Let G be a prefix recognizable
graph with a distinguished vertex r such that t is isomorphic to the unfolding of
G from r. We can assume, without loss of generality, that r is a root of G (oth-
erwise we consider the graph obtained by restricting to vertices reachable from r
which is again prefix-recognizable. The closure of prefix-recognizable graphs un-
der restriction to reachable vertices from a given vertex follows from the closure
of this class of graph under MSO-interpretation [12, Theorem 3]).

Consider the prefix recognizable graphH labelled in (A∪{ex})]E obtained in
Lemma 4. We have that the E-contraction of H from r is equal to G. Due to the
additional properties of H stated in Lemma 4, the unfolding of the E-contraction
of H from r is isomorphic to the E-contraction of the tree obtained by unfolding
H from r. In other terms, the E-contraction from the root of t′ = Unf(H, r) is
isomorphic to t.

Let < be an arbitrary total order on E. We are going to transform t′ into
a Γ -term tree by applying a transduction to H. This transduction T does the
following:

– relabels a-labelled edges by a1, for all a ∈ A,
– relabels ex-labelled edges by 1,
– whenever a vertex v is the target of an edge labelled in A which is not the

source of an edge, then adds a new edge labelled 0 from v to a new vertex
introduced by the transduction,

– for every vertex u with k ≥ 1 outgoing edges labelled e1 < . . . < ek, respec-
tively, relabels these edges by +k

1 , . . . ,+
k
k.

4 Although the signature is infinite, we will always only use a finite subset of it.
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Let t1 be Γ̃ -term obtained by unfolding T (H) from r. It is easy to check that
the synchronization tree associated to t1 is isomorphic to the E-contraction of
Unf(H, r). We know from [16, Theorem 3.5] that t1 is the term tree defined by
some algebraic Γ̃ -scheme. This establishes by the Mezei-Wright theorem that t1
is Γ̃ -algebraic and hence Γ -algebraic (by Lemma 5). 2

9.3 Γ -algebraic trees as contractions of trees in Tree2

Proposition 11. The contraction of Γ -algebraic synchronization trees from their
root are Γ -algebraic synchronization trees.

Proof. Let t be a synchronization tree defined by an algebraic Γ -scheme E. Let
B be a subset of A and let t′ be the synchronization tree obtained by contracting
t from its root with respect to B.

A Γ -scheme E′ defining t′ is easily obtained from E by replacing each equa-
tion of the form F (v1 . . . vn) = t by the equation F (v1 . . . vn) = t where t is in-
ductively defined by 0 = 0, 1 = 1, t1 + t2 = t1 + t2, G(t1, . . . , tk) = G(t1, . . . , tk),
a(t) = a(t) if a ∈ A \B and b(t) = t for b ∈ B.

The Γ -term defined by E′ is the contraction of the Γ -term defined by S from
its root with respect to B. It then follows that the synchronization tree defined
by E′ is the contraction of the synchronization tree defined by E from its root
with respect to B. 2

Proposition 12. The contractions of the synchronization trees in Tree2 are the
Γ -algebraic synchronization trees.

Proof. By Proposition 10 and 11, we have that each contraction of a synchroniza-
tion tree in Tree2 is Γ -algebraic. For the converse, a Γ -algebraic synchronization
tree is defined as the contraction with respect to {+1,+2} of the Γ -term tree
defined by an algebraic Γ -scheme. From [16, Theorem 3.5], such a Γ -term tree
belongs to Tree2. Moreover, it may be seen as a synchronization tree over the
alphabet which contains, in addition to the letters in A, the symbols +1 and +2.

2

Proposition 13. Every Γ -algebraic tree is bisimilar to a tree in Tree2.

Proof. This property is based on the following simple remark. Let G be a graph
labelled in (A∪{1})]E with a root r, the E-contraction of Unf(G, r) is bisimilar
to the unfolding from r of the E-contraction of G from r.

Let t be a Γ -algebraic synchronization tree. By Proposition 12, t is the con-
traction of a tree t′ ∈ Tree2. By definition, t′ is the unfolding of a prefix recog-
nizable graph G from a root r. By the above, t is bisimilar to the unfolding of
the contraction of G. 2

Proposition 14. The synchronization trees of bounded-degree in Tree2 are the
Γ -algebraic synchronization trees of bounded-degree.
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9.4 A ∆-regular tree not in Tree2

A prefix recognizable relation over a finite alphabet C is a finite union of relations
of the form U · (V ×W ), for some nonempty regular languages U, V,W ⊆ C∗. A
prefix recognizable graph over an alphabet B is an edge-labelled directed graph
that is isomorphic to a graph of the form (V, ( b→)b∈B), where for some alphabet
C, V is a regular subset of C∗ and the edge relations b→ are prefix recognizable
relations over C. (Of course, the alphabet C may be fixed to be a 2-element
alphabet.) A rooted prefix recognizable graph has a distinguished vertex, called
the root. The vertices reachable from the root form a prefix recognizable graph
cf. [], so that if we needed, we may assume that all vertices are reachable from
the root. The class of graphs Tree2 consists of all unfoldings of rooted prefix
recognizable graphs (such that every vertex is reachable from the root).

Lemma 6. Let G be a prefix recognizable graph whose vertices have finite out-
degree. Let (ui)i≥0 be an infinite path in G possibly with repetitions. Then there
exists a constant C ≥ 0 such that for all i ≥ 0, the outdegree of ui is at most
C(i+ 1).

Proof. Let U1(V1 ×W1), . . . , Un(Vn ×Wn) be the relations involved in the defi-
nition of G. As the vertices of G have finite outdegree, without loss of generality
we may assume that all the Wj are finite sets. Let d denote the length of the
longest word appearing in the Wj , and let W denote the number of words ap-
pearing in the Wj . Then clearly |ui+1| ≤ |ui|+ d for all i ≥ 0, where for a word
u we denote its length by |u|. Thus, introducing the notation d′ = max{d, |u0|},
we have |ui| ≤ d′(i + 1) for all i ≥ 0. As the outdegree of a vertex u of G is at
most (|u|+ 1)W , we conclude that the outdegree of ui is at most C(i+ 1) for all
i ≥ 0 with C = (d′ + 1)W . 2

Proposition 15. There is a ∆-regular synchronization tree which is not in
Tree2.

Proof. Consider the following ∆-regular recursion scheme:

G = 1 + a ·G · (1 + 1).

The synchronization tree defined by it has a single infinite branch u0, u1, . . .
(with edges labelled a). The outdegree of each vertex ui is 2i + 1 since it is the
source of 2i edges labelled ex. By the previous lemma, this synchronization tree
is not in Tree2. 2

9.5 A ∆-algebraic synchronization tree not in Tree3.

Proposition 16. There exists a ∆-algebraic synchronization tree which does
not belong to Tree3.
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Proof. Consider the ∆-algebraic scheme

S = G(1 + 1)
G(v) = a ·G(v · v) + v · b

The tree t defined by this scheme has a unique infinite branch whose edges are
labelled a. The vertex at depth n along this branch has 22n

outgoing edges
labelled b. Assume toward a contradiction that t belongs to Tree3. Then there
exists a graph in Graph2 from which t can be obtained by unfolding, contradicting
[13, Theorem 4.5.3]. 2

9.6 A Γ -algebraic tree not bisimilar to any ∆-regular tree

In this section, our aim is to prove that there is a Γ -algebraic synchronization
tree which is not bisimilar to any ∆-regular synchronization tree.

A ∆-regular scheme is said to be right-linear if the right-hand side of each
equation is of the form

t0 +
∑
i∈[n]

ti ·Gi

up to commutativity and associativity of sum, where the Gi, i ∈ [n] are (con-
stant) functor variables and the tj , j ∈ {0, . . . , n} are terms over the signature
∆ not containing variables. (The empty sum stands for 0.) It is rather standard
to prove the following fact:

Lemma 7. A synchronization tree in ST(A) is (Γ -)regular iff it can be defined
by a right-linear scheme.

Proof. It is clear how to transform a Γ -regular recursion scheme into a right-
linear ∆-scheme by turning each prefixing operation into a sequential product.

We show how to transform a ∆-term t · G with t containing no functor
variables into a corresponding Γ -term t′(G), possibly containing G. We proceed
by induction on the structure of t. When t = 0, let t′(G) = 0, and when t = 1
let t′(G) = G. When t = a where a ∈ A, define t′(G) = a.G. Suppose now
that t = t1 + t2. Then let t′ = t′1(G) + t′2(G). Finally, consider the case when
t = t1 · t2. In this case define t′(G) as the term obtained by substituting t′2(G)
for each occurrence of G in t′1(G).

A routine calculation shows that for any evaluation of G in ST(A), the terms
t · G and t′(G) evaluate to the same synchronization tree. Using this fact, we
may transform a right-linear ∆-scheme into a regular Γ -scheme by changing the
right-hand side t0 +

∑
i∈[n] ti ·Gi of each equation to t′0(1)+

∑
i∈[n] ti(Gi), where

t′0(1) is the term obtained by substituting 1 for G in t′0(G). 2

Proposition 17. There exists a Γ -algebraic synchronization tree that is not
bisimilar to any ∆-regular tree.
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Proof. Let A = {a, b}, and consider the synchronization tree T ∈ ST(A), defined
by the Γ -algebraic recursion scheme:

S = F (1 + b.1)
F (v1) = v1 + a.(F (1 + b.v1)) .

The tree T has a single infinite branch whose edges are labelled a, and the out-
degree of each vertex on this branch is 3, since each such vertex is the source
of an edge labelled a, an edge labelled b, and an edge labelled ex. Since T is
deterministic, its vertices may be identified with the words in the prefix closed
language

{anbm, anbmex | n ≥ 0 and m ≤ n+ 1}.

A key feature is that every vertex is the source of an edge labelled ex.
We are going to show that every ∆-regular scheme E defining a synchroniza-

tion tree bisimilar to T is equivalent to a right-linear one, modulo bisimilarity.
By Lemma 7, this would imply that T is regular, which yields a contradiction.
Indeed, the tree T has a countably infinite set of subtrees that are pairwise
non-bisimilar.

Without loss of generality, we may assume that the equations of E are of one
of three forms:

1. G = G1 +G2,
2. G = G1 ·G2, and
3. G = c for c ∈ {a, b} ∪ {0, 1} .

In the following, we are interested in a particular family F of “subtrees” of
T , containing, for all k ≥ 0, the subtree Tk rooted at ak, and the trees obtained
from Tk by removing the exit edge originating in the root together with its
target, or the edge labelled b originating in the root together with all vertices
and edges accessible from the end vertex of that edge, or both. We denote these
synchronization trees by Tk(1), Tk(b) and Tk(1, b), respectively.

Lemma 8. Suppose that a tree s ∈ F is bisimilar to a tree s1 · s2, where neither
s1 nor s2 is bisimilar to 1. Then for some k, s = Tk(1, b), s1 is bisimilar to
a = a.1, and s2 is bisimilar to Tk+1.

Proof. Suppose that s is bisimilar to s1 · s2 and neither s1 nor s2 is bisimilar
to the tree 1. Note that s2 is not 0. Clearly, each vertex of s1, except possibly
the root, must be the source of an exit edge. Suppose that s contains and edge
labelled a from x1 to x2 such both x1 and x2 are sources of an exit edge. Then
in the tree s1 · s2, they have successor vertices y1 and y2 such that the subtrees
rooted at y1 and y2 are isomorphic (and thus bisimilar) and contain at least one
edge. But T does not have such vertices connected by an edge labelled a and
therefore neither does s. For this reason, s1 cannot have two consecutive edges
labelled a either. This in turn yields that s2 has at least one edge labelled a and
therefore s1 cannot have an edge labelled b. We conclude that s1 is bisimilar to
the tree a = a.1 and then s2 is bisimilar to Tk+1 for some k. 2
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Now, by Lemma 8, we may transform E into a right-linear scheme defining T
up to bisimilarity. First mark all those variables G such that the corresponding
component in the initial solution of E over ST(A) has an infinite branch. The
first variable is clearly marked. Suppose that G is marked. If the equation for G
is G = G1 + G2, then G1 or G2 is marked. If one of them is not marked, then
it can be replaced by a variable-free term. If the equation for G is G = G1 ·G2

and the component in the initial solution of E over ST(A) corresponding to one
of the Gi is bisimilar to 1, then we may simply remove it. Otherwise we apply
Lemma 8 and replace G1 by a and mark G2 if it is not yet marked. Eventually, we
keep only the marked functor variables and obtain a right-linear scheme defining
T up to bisimilarity. 2

10 Synchronization trees and logic

10.1 A synchronization tree with an undecidable monadic theory

In this subsection we point out that the synchronization tree associated with
the bag process depicted on Figure 7 has an undecidable monadic theory (even
without the root being the source of an exit edge). Hence that tree is not in the
Caucal hierarchy and therefore, by Proposition 9, is not ∆-algebraic.

Consider a 2-counter machine whose program P is given as a sequence of
instructions I1, . . . , In where each Ij has one of the following forms:

z := z + 1, k z := z − 1, k, z = 0?, k1, k2

where z is one of the counters x, y and k, k1, k2 are integers between 1 and n. At
any moment of time, the value of the counters x and y is described by an ordered
pair (m,n) of nonnegative integers. The meaning of the above instructions is
standard, where k denotes the index of the instruction to be performed after
execution of the given instruction, if the instruction is an increment or decrement,
and k1 and k2 denote the indices of the instructions to be performed depending
on the outcome of the test, if the instruction is of the last form. The machine
with program P halts if a decrement instruction z := z − 1, k is executed, but
the current value of the counter z is 0. A well-known undecidable question for
2-counter machines asks whether a 2-counter machine started with (0, 0) ever
halts.

We encode the halting program for a counter machine with program P in
monadic second order logic as follows. Let X1, . . . , Xn be set variables associated
with the instructions of P . Then, for each instruction Ii, we consider the formula
ϕi(u) in the free first-order variable u in the language with four binary predicates
associated with the edge relations e→, e ∈ {a, b, c, d}.

– If Ii is of the form z := z + 1, k, then ϕi(u) expresses that Xk(v) holds for
all v such that u e→ v, where e is a if z = x and c if z = y.

– If Ii is of the form z := z − 1, k, then ϕi(u) expresses that there exists a v
with u

e→ v, and Xk(v) holds for all such v, where e is b if z = x and d if
z = y.
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– If Ii is of the form z = 0?, k1, k2, then ϕi(u) expresses that Xi(v1) and
Xk1(v2) hold for all v1, v2 such that u a→ v1 and v1

b→ v2, provided that
there is no v with u

e→ v, and that Xi(v1) and Xk2(v2) hold for all such
v1, v2 otherwise, where again e is b if z = x and d if z = y.

Now we assign to the machine with program P the formula

ϕP = ∃X1 . . . ∃Xn[ψ1 ∧ ψ2 ∧ ∀u(X1(u)→ ϕ1(u) ∧ . . . ∧Xn(u)→ ϕn(u))]

where ψ1 asserts that the X1, . . . , Xn are pairwise disjoint and jointly form an
infinite path starting with the root, and ψ2 says that the root belongs to X1.
Then the machine does not halt iff the synchronization tree defined by the process
on Figure 7 is a model of ϕP .

Remark 4. Thomas showed in [37, Theorem 10] that the monadic second-order
theory of the infinite two-dimensional grid is undecidable. However, we can-
not use that result to prove that the synchronization tree tbag has an unde-
cidable monadic second-order theory. Indeed, the unfolding of the infinite two-
dimensional grid is the full binary tree, which has a decidable monadic second-
order theory by Rabin’s celebrated Tree Theorem [35].

10.2 Minimization

It is well known that, for each bisimulation equivalence class C of synchronization
trees in ST(A), there is a tree tC ∈ C such that for all t ∈ C there is a surjective
morphism ϕ : t→ tC , and, moreover, the relation

R = ϕ ∪ ϕ−1 = {(u, v), (v, u) : ϕ(u) = v}

is a bisimulation between t and tC . Furthermore, tC is unique up to isomorphism.
When t ∈ C, we call tC the minimization of t.

The minimization of a tree t ∈ ST(A) can be constructed in the following
way. We define an increasing sequence V0, V1, . . . of sets of vertices of t, where V0

is a singleton set containing only the root of t. The construction will guarantee
that, for each i, Vi contains only vertices of depth at most i, and whenever a
vertex v belongs to Vi and there is a path from a vertex u to v, then u is also
in Vi. Given Vi and u ∈ Vi of depth i, consider the set S(u) of successors of
u. We may divide S(u) into equivalence classes according to the bisimulation
equivalence classes of the corresponding subtrees. To this end, we define v ∼ v′,
for v, v′ ∈ S(u), if the subtrees rooted at v and v′ are bisimilar. Then we select
a representative of each ∼-equivalence class. The set Vi+1 consists of all vertices
in Vi together with those vertices in S(u) of depth i+ 1 selected above, where u
ranges over the set of all vertices in Vi of depth i. Finally, let V =

⋃
i≥0 Vi. The

“subtree” of t spanned by the vertices in V is the minimization of t.
It is known, see e.g. [8], that the minimization of a Γ -regular synchronization

tree is Γ -regular. In contrast with this result, we have:
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Proposition 18. There exists a Γ -algebraic synchronization tree whose mini-
mization does not have a decidable MSO-theory, and hence does not belong to the
Caucal hierarchy and is neither a Γ -algebraic nor a ∆-algebraic synchronization
tree.

Proof. Let A = {a, b, c, d, e, f}. Consider the following Γ -scheme:

S = F (0, 0)
F (x, y) = a.F (f.x, y) + b.F (x, f.y) + c.F (0, y) + d.F (x, 0) + e.x+ e.y .

Let t be the synchronization tree defined the above scheme. For a word u ∈
{a, b, c, d}∗, we designate by ||u ||a (resp. ||u ||b) the number of a’s (resp. b’s) in
the longest suffix of u that does not contain any occurrence of the letter c (resp.
d). Intuitively, the tree t consists of a full quaternary deterministic tree t0 with
edges labelled in {a, b, c, d} such that every vertex of t0 is also the origin of two
additional parallel disjoint branches. Since t0 is deterministic, we may identify
each vertex of t0 with a word u ∈ {a, b, c, d}∗. The two additional branches at
vertex u of t0 are such that their edge labels form the words ef ||u ||a and ef ||u ||b ,
respectively.

The minimization t′ of t is obtained by removing one of the two branches
labelled ef ||u ||a for all vertices u of t0 such that ||u ||a = ||u ||b.

The fact that t′ has an undecidable MSO-theory is based on a reduction from
the halting problem for 2-counter machines with increment, reset and equality
test [40]. The idea is, as usual, to define, for every such machine M , a closed
MSO-formula ϕM such that t′ |= ϕM if and only if M does not halt.

When constructing the formula ϕM , we associate to a vertex u in {a, b, c, d}∗
representing a possible history of the computation of M from its initial state,
the integer ||u ||a as the current value of the first counter, and the integer ||u ||b
as the current value of the second counter of the machine. Assuming that the
current values of the counters are given by vertex u, we show how to simulate
the various operations of the machine. The increment of the first (resp. second)
counter is obtained by moving to vertex ua (resp. ub). The reset of the first
(resp. second) counter is obtained by moving to uc (resp. ud). Finally, the test
for equality between the two counters is performed by testing that vertex u has
only one out-going edge labelled e. The details of the construction are similar to
those in Section 10.1. 2

The above result yields that the collection of synchronization trees in the
Caucal hierarchy is not closed under minimization. Indeed, there is a Γ -algebraic
tree whose minimization is not in the Caucal hierarchy. This leaves open the
corresponding question for ∆-regular synchronization trees.

11 Conclusions

There are several questions that we leave open in this paper and that lead to
interesting directions for future research.

42



– Is there a strict expressiveness hierarchy for Γ - and ∆-algebraic recursion
schemes that is induced by the maximum arity of the functor variables used
in defining recursion schemes?

– Is the minimal synchronization tree that is bisimilar to a ∆-regular synchro-
nization tree also ∆-regular? If not, is it in the Caucal hierarchy?

– The Γ -algebraic scheme we use in the proof of Proposition 18 uses a binary
functor variable. Is the minimal synchronization tree that is bisimilar to a
tree defined by a Γ -algebraic scheme involving only unary functor variable
Γ -algebraic?
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7. S.L. Bloom, Z. Ésik and D. Taubner. Iteration theories of synchronization trees.
Inform. and Comput., 102 (1993), no. 1, 1–55.
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